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THE MIZOHATA COMPLEX

ABDELHAMID MEZIANI

ABSTRACT. This paper deals with the local solvability of systems of first order
linear partial differential equations defined by a germ w at 0 € R*t! of a C-
valued, formally integrable (wAdw = 0), 1-form with nondegenerate Levi form.
More precisely, the size of the obstruction to the solvability, for (¢ — 1)-forms
u, of the equation
duNw=mnAuw,

where 7 is a given g-form satisfying dn A w = 0 is estimated in terms of the De
Rham cohomology relative to w

0. INTRODUCTION

This paper deals with the obstruction to the local solvability problem of a for-
mally integrable form (or equivalently of a system of vector fields). More precisely,
let w be the germ at 0 € R™*! of a C-valued smooth 1-form satisfying

(1) w(0)#0 and dwAw=0.

Two smooth germs 1 and 1’ of g-forms are said to be w-equivalent if ' = n+aAw
for some (g — 1)-form «. Denote by Q4 the quotient space, i.e. 24 = Q4/QI"t Aw,
where Q7 is the space of germs of g-forms. It follows from (1) that the exterior
derivative d : Q9 — Q9+ induces a complex

0—>Q0—>QL—>~'~—>Qz—>O

whose cohomology we denote by H. It is the De Rham cohomology relative to w.
Notice that H? is the space of first integrals of w, which is reduced to C when w is
without integrating factor. The only two situations in which this complex is fully
understood are the real case (w A@ = 0) and the elliptic case (w A@ # 0). In both
cases the cohomology groups H? are trivial when ¢ > 1. The planar case of a real
analytic form w has been studied in [Mel]. Otherwise the focus has been, so far, in
finding conditions for the triviality of HZ, when

(2) w=d(z + ip(x,1)).

This was initiated by Nirenberg and Treves in [NT]. The tube case (¢ independent
on z) has been solved by Treves in [Trl] who proved that the triviality of the
(¢ — 1)-th cohomology of the level sets of ¢ is equivalent to the triviality of HZ.
Among results in this direction (when ¢ depends effectively on z), we would like
to mention [CH], [CT], [MT], [Tr2], [Tr3]. In particular, it is proved in [CT] that
the nontriviality of the (¢ — 1)-th cohomology of the level set of « + i¢ implies the
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1030 A. MEZIANI

nontriviality of HZ. The converse of this (which has been proved to hold when
g =1, [Tr2] and [MT], and in top forms [Tr3]) has been conjectured by Treves.

In this paper we give a complete description of HY when the form w defines a
Mizohata structure at 0 € R™*! (this means that w has nondegenerate Levi form
at 0). Our primary motivation for investigating such structures (besides the fact
that they appear next to the elliptic ones in the hierarchy of complexity) is that
these are the generic ones among all nonelliptic structures. Our basic idea here is
in the viewing of the Mizohata form w as defining a fibration in each component
of the complement of the separatrix, V = {q(t) = 0} (defined below by (4)), of the
foliation defined by w. More precisely, if W; is a component of R*™\V, L; the
generic fiber of w in W;, and z; a first integral of w in W;, then W; is diffeomorphic
to L; x z;(W;). Hence the cohomology relative to w in W; can be expressed in
terms of the cohomology relative to dz; in the product manifold L; x z;(W;). The
passage from the different components W;’s to a full neighborhood of 0 € R**! is
done via a reduction to forms that are flat along V. This in turn is achieved thanks
to Borel’s extension theorem and the formal solvability of w.

When w defines a Mizohata structure, we can find coordinates (z,t1,--- ,t,) in
R+ (see [Tr4]) such that w can be written as

(3) w=d(x+iq(t)) + Z aj(z,t)dt;,
j=1

where

(4) q(t) =65+ + 1 =t — - — 1

and the a;’s are flat along ¢ = 0. The signature of such structure is the number
v = |n—2k|. When v # |n—2|, it has been proved ([Me2]) that w has an integrating
factor and thus can be written as

(5) w = d(z +iq(t)).

Otherwise (when v = |n — 2|), germs at 0 € R? of Mizohata structures can be used
to give canonical representation for w. More precisely, if v = |n — 2| and n > 2,
then w can be written as

(6) w = dz +i(1+ p(z, \/a®))da(t) in {q(t) > 0} N {t > O},
w = d(x +ig(t)) in {q(t) <0} U {t, > 0},

where p(z, s) is a smooth function in the (z, s)-plane with support in s > 0. Hence,
w is completely determined by the two-dimensional Mizohata structure

(7) wh = dz +i(1+ p(z, s))ds?.

When v =0 and n = 2, then w can be written as
(8)  w=dvti(l+pi(e, /B - BN ~B) in{f—3>0)n{n >0},
w=dz+i(l+ pa(z,\/t5 — 1))d(t} —13) in {t] — 5 <O} N {t2 > 0},

w=d(x+i(t7 —t3)) elsewhere,

where p; and py are smooth functions in the (z, s)-plane with support in s > 0.
Here w is determined by the two two-dimensional Mizohata structures

(9) ng =dz +i(1+4 p1)ds® and w22 =dx —i(1+ py)ds®.
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One of the main results of this paper (theorem 11.1) is that for g > 2,
(10) HI = HTHS 1t x " oS if |n— 2k #n;
H? = gii(s" Hes if |n — 2k| = n,

1%

where w is the germ of a Mizohata structure with signature |n — 2k|, S™ is the m
sphere, H*(M) is the De-Rham cohomology of the manifold M, and where

S= Hd (z+1iy) (fo({y - 0}))
(see notation in section 1). Notice that H} is trivial when v # |n — 2| (this results
from (5) and [Tr1]).

The study of H}, for the critical signature v = |n—2| necessitates the introduction
of new spaces built from the spaces A; and A_ of germs at 0 € R of C* functions
that have a holomorphic extension to the upper and lower half plane, respectively.
These new spaces are built as follows. For a germ [ of an increasing diffeomorphism
at 0 € R, consider the equivalence relation in A_ x A_ given by

A(h, k) € Ay x Ay;
(a—aYol+hol=(B-0)+k
Let ), denote the quotient space. If w is the germ at 0 € R? of a Mizohata structure

and the class of [ in the space of Sjostrand invariants (see [Tr4]) is a representative
of w, we prove (Theorem 12.1) that

(11) H =~ .
For [ as above, define an equivalence relation in A x A_ x A4 by
A(h,k,m) € Ay x Ay x A_;
(,8,7) ~ (o, 3,7) <= { (a—a)ol+hol=(B-5)+k
=(=9)+m.
If Z; is the quotient space, w is as in (6), and [ is a representative of wg given in
(7), then we prove (Theorem 13.1) that

(12) H! = z,.

(@, 8) ~ (o, B') = {

Finally, for the case v = 0 and n = 2 and w as in (8), we need two germs [y
and Iy representing w) and w9, of (9). For such germs we define a relation in

A_x A x Ay x Ay by "

(h,k,m,n) € Ay x Ay x A_ ><A_;
(a—ad)oli+holy=(8-05)+
=(y—9)ola+moly
=(©0-¢)+
If Wi, 1, is the quotient space, then we prove (Theorem 14.1) that
(13) HY = Wy, .

The organization of this paper is as follows. Sections 1 to 5 are devoted to defi-
nitions and preparatory results. Mizohata structures as well as their classification
according to [Me2] are recalled in sections 6 and 7. The reduction to flatness along
the variety V' is achieved in sections 8 and 9. Section 10 deals with the cohomology

(o, 8,7,6) ~ (o, 3',7,8) =
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with support in a component of R"T1\V. In sections 11, 12, 13, and 14, we prove,
respectively, isomorphisms (10), (11), (12) and (13). The closing section is a remark
about Treves conjecture.

1. DEFINITIONS, NOTATION AND PREPARATORY RESULTS

We set here the notation of some C-valued function spaces that we will be dealing
with, then we define the De Rham cohomology groups relative to a formally inte-
grable form, and finally state some results whose proofs are contained in sections 2
to 5.

Let N be a C* manifold, A C N and p € A. Denote by: £(A) the space of
germs along A of C'*° functions on N;

F(A) the subspace of £(A) consisting of those germs that are flat along A (a
function is flat along A if it vanishes along A together with all its derivatives);

Fp(A) the space of germs at p of functions that are flat along A;

E™ the space of germs at 0 € R™ of C* functions;

C{z} the ring of convergent power series in the variable z;

K[&1,- -+ ,&m] the ring of formal power series in &1, -, &, with coefficients in a
ring K;

S is the quotient space obtained from the space of germs at 0 € R? of C'™®
functions with compact support in the upper half plane {y > 0}, by identifying two
functions f and f’ if the function of the real variable z,

c *—C 7
is real analytic at 0 € R.

A_ the space of germs at 0 € R of C* functions that have a holomorphic
extension to the lower half plane y < 0;

Ay : the space of germs at 0 € R of C* functions that have a holomorphic
extension to the upper half plane y > 0;

Q4(X) the space of g-forms with coefficients in X.

The Taylor expansion of a function f(z,t) at ¢t = 0 with respect to the group of

variables t = (t1,- - , &) is the formal power series
o f tv
th = Z oL ($70>;
veZtm

The formal expansion of a differential form with respect to t is the form obtained
by expanding the coefficients with respect to ¢.

Now we explain the complex defined by a formally integrable 1-form. Let w €
QL(E™TL) be such that

(1.1) w(0)#£0 and dw ANw = 0.
Condition (1.1) implies the existence of o € Q}(£"+1) such that
(1.2) dw = a A w.

Notice however that, unlike the R-valued situation, this formal integrability does
not necessarily mean that w has an integrating factor (see [Tr4] for details).

Let X = &L or X = Fy(V), where V 3 0 is a subset of R"™1. We say that
two forms n,n" € Q4(X) are w-equivalent if

(1.3) nhw=n Aw,
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or equivalently if
(1.4) n"=n+pAw
for some p € Q971(X). Denote by Q4 (X) the quotient space thus obtained, i.e.
_ X
Q1 (X)Aw
It follows at once from (1.2) and (1.4) that
(1.5) dy =dn+ (dp+ (=) A a) Aw.

Q%(X)

Thus dn and dn’ are again w-equivalent if 7 and 1’ are. Therefore the exterior
derivative

d: (X)) — QTH(X)
descends to the quotient space and defines a complex
0—RLX)=X — - — QX)) — QT X) — ... — 0.
Denote by HZ(X) the ¢g-th cohomology group of this complex. Then,
_ Z8(X)
Bi(X)’

where Z2(X) and B%(X) are, respectively, the space of w-closed and the space of
w-exact g-forms and are given by

Z3(X) ={n € Q1(X); dnAw =0},

BI(X) = {n € Q9(X); 3p € QN (X), (- dp) Aw =0}
Notice that

(1.6) HE(X)

HY(X)={f€X;df Nhw=0}

w

is the space of first integrals (in X) of w (which can be reduced to constants if w
is not locally integrable), and H"T! = 0 since Q2"+ = 0. The object of this paper
is the calculation of these cohomology groups when w is the germ of a Mizohata
structure (see sections 6 and 7 for definitions).

We continue this section by stating results (proved in subsequent sections) about
some cohomology groups defined by d(z + iy) on manifolds with boundary and for
forms flat along the boundary. For € and 6 positive, let

R*(e,6) = {(z,y) €R?; |z| <€, 0 <y <6}
We have the following lemma
Lemma 1.1. Let z = x + iy be defined in R" (¢,6). Then
H (i) (Fo{y = 0})) = S.

Let M be an m-dimensional C'*° manifold with finite-dimensional De Rham
cohomology H*(M). Let Y be the submanifold of M x R*(¢,8) given by y = 0, i.e.

(1.7) Y ={(p,z,y) € M x R (¢,6); y =0}.

Recall that F(Y) denotes the space of germs along Y of C*° functions in M x
R (e, 6) that are flat along Y. Let

(1.8) 2: M x R (e,6) — C;  z(p, (z,9)) = +iy.
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Since the function z can be thought of as a coordinate on M X R™ (e, §), then the
exterior derivative d induces a complex on
o)

Q=Y F(Y))ANdz’

2. (F(Y))

By H}; (F(Y)) we denote the cohomology of this complex.
Proposition 1.1. For 1 < q < m, we have
Hi (F(Y)) = H7™HM)® Hyy s (Fo{y =0})) = HITH(M)®S.
For every o € (—¢,€), consider the embedding
(1.9) Juo 0 M — M X RT(€,8);  jay(p) = (p: (20,0))-

Let 01,---,0, € Q171(M) be generators of H1~'(M) and let fi(z,y), -, fe(z,y)
be C°° functions in R? with support in R* (e, §).

Proposition 1.2. Let

k
(1.10) n=>Y_ fulz,y)0, Ndz.
v=1
Suppose that
(1.11) n=du mod(dz),

where u € QIL(C®(M x R*(€,6))) satisfies
Jogt =0, Vg € (—¢,€).
Then
folz,y) =0 Yv=1,-- k.

The last result we state here is about the cohomology with formal coefficients
and relative to a special form dF. Let p(t) be a polynomial in t = (¢1,--- ,t,) with
p(0) = 0. Consider the function F' in R"*?2 given by

(1.12) F(z,t,s) =x+i(s+p(t)).

Let &, be the space of germs at 0 € R of C*° functions in the variable . Recall
that

X = &t s]

is the ring of formal power series in ¢, s variables and with coefficients in £,. The
exterior differentiation on Q*(X) again induces a complex on

@ (X)

Qar(X) = 10 N aF

We denote by H}r(X) the corresponding cohomology. Then we have
Proposition 1.3. H}.(X) =&, and HI.(X) =0 if ¢ > 0.



THE MIZOHATA COMPLEX 1035

2. PrRooOF OF LEMMA 1.1
Let
(2.1) n = a(z,y)dx + b(z,y)dy
where a,b are C'° functions with support in the upper half plane y > 0. The
equation
(2.2) du ANd(z +iy) = n Ad(x +iy),
for the unknown function v flat along y = 0, is equivalent to the inhomogeneous
CR equation
Ju

23) ==

with f =ia —b. Without loss of generality, we can assume that f is 0 in the lower
half plane. Since the function

L[ f©) =
2.4 =
(2.4 w0(2) = g [ SRR
is a C'* solution of (2.3), then all C*° solutions of (2.3) in y > 0 have the form
(2.5) u(z) =up(2) — h(z),

where h is holomorphic in y > 0 and C* up to the boundary. For a function u as
in (2.5) to be flat along the z-axis, it is then necessary to have

uo(x + i0) = h(x + i0);

i.e. ug has to be the trace of a holomorphic function in the upper half plane. Since,
in addition, ug is holomorphic in the lower half plane, then

L[ f©) =

up(z) = — [ —=d( AN d
o(@) 2T Jex—( CAdS
is real analytic. The correspondence ¥ which to a germ 7 associates the equivalence
class of f in S depends only on the cohomology class of 17 and thus defines an injec-
tive map from H) (F({y = 0})) into S. To show that this map is also surjective,
it is enough to notice that if f is a representative of an element in S, then ¥ maps

the cohomology class of —if(z,y)dx to the class of f. This proves the lemma O

3. PROOF OF PROPOSITION 1.1

We start by setting notation. If « is a ¢-form on M depending on parameter
z, then we will denote by az the g-form on M obtained from « by differentiating
the coefficients with respect to Z = = — iy. More precisely, if in local coordinates
T=(m1, ,Tm) of M

(3.1) a= Y ay(rz)dr,
[71=q
then
0
(3.2) az = JZ %(T,z)dn.
=q

Let 1 be a g-form in M x RT (e, §). We can write
(3.3) n=n"+n'Adz mod(dz),
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where n° and n! are, respectively, ¢- and (g—1)-forms on M depending on parameter
z. If we denote the exterior differentiation on M by dy and that on M x R* (e, )
by d, then

(3.4) dn = don® + (don* + (=1)) AdzZ  mod(dz).
With this notation in mind, we start the proof. Let n € Z94,(F(Y)). Then from
(3.5) 0=dnAdz=don’ Adz + (don* + (=1)™2) A dZ A dz,
it follows at once that
(3.61) don® =0,
(3.65) don' + (=1)2 = 0.

Let 01, ,01 € QI(C*°(M)) be generators of H4(M). It follows from (3.61) and
the dependence of the Poincaré lemma on parameters that
l

(3.7) 1’ =" fulz,y)o, + doa®,
v=1
where o’ is a (¢ — 1)-form on M, depending on z and flat along Y, and where f,

is flat along y =0 for v =1,--- ,I. From (3.7) and (3.62), we have
9 v
(3.8) do(n* + (=1)%a2) +Z / )o, = 0.

Since the o,’s generate H?(M), then (3.8) holds only when

Afv
3.9 —(z) =0, =1,---,L
(39) 1 (2) p
Since the holomorphic functions f,, vanish along the z-axis, then
(3.10) f, =0, v=1,---,1l

Let 61, -+, 0, € Q171(C°(M)) be generators of H4~*(M). From (3.8) and (3.9)
it follows that

(3.11) '+ qa——Zgu )0, + dof3",

where 3! is a (¢ — 2)-form on M depending on z and flat along Y, and where g, € S
for all v. We have then

(3.12) n° =doa® and n' = (-1)7"! O+Zgu )0, + do.

After substituting these expressions into (3.3) we obtaln

(3.13) n=d(@’+ 8" NdZ)+ > g,(2)0, AdZ mod(dz).
Hence 7 is dz-cohomologous to the form

k
(3.14) > gu(2)0, A dz.

For every v=1,--- Kk, let

Go(o) = 5 [ £ d nam
21t Jo 2 —
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and H,(z) be any germ of a C* function, holomorphic in the upper half plane.
Then
k k

(3.15) d(Z(—l)q_l(Gu(z) + H,(2))0,) = Zg,,(z)@u AdzZ mod(dz).

v=1 v=1
As in the proof of Lemma 1.1, the function G, + H, is flat along the z-axis if and
only if g, = 0. This shows that

(3.16) > gu(2)0, NdZ € BL(F(Y)) = (9, =0, W)

The map ® defined on Z9,.(F(Y)) by

k
©(1) = g.(2)6y

descends to an isomorphism from H? (F(Y)) into H?~'(M) ® S. The proof of the
proposition is complete.
4. PROOF OF PROPOSITION 1.2

Let  and u be as in (1.10) and (1.11). Using the notation defined at the begining
of section 3, we can write

(4.1) u=u’+u' AdZ mod(dz)
and
(4.2) du = dou® + (dou' + (1) 'u2) AdZ  mod(dz).
This together with (1.10), (1.11) gives
(4.31) dou® = 0,

k
(4.32) dou' + (=1)7 1l = Z fu(2)6,.

v=1

From (4.3;) it follows that

k
(4.4) ud = Z a,(2)0, + dgn°,
v=1

where the a, are supported in RT(e,6), and where v° is a (¢ — 2)-form on M

depending on z and flat along Y. With this (4.32) becomes

k k
(4.5) do(u' + (1)) + (1)1 Y %(z)&,, =3 fu(2)bs.
v=1 v=1
Therefore
Oa, 1
(4.6) 5% (z) = (=) f.(2), v=1,---,k.
and so
(@7) az) = E [ 2 i 0),

2mi c?Z— I
where H,(z) is holomorphic in the upper half plane.
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Now from (4.1) and (4.4), we can write

k
(4.8) u= Z a,(2)0, + dov®  mod(dz, dz)
v=1
from which (together with (1.11)) we obtain
k
(4.9) Jaou =Y ay(x0,0)0, + do(j;,v°) = 0.
v=1
Therefore
(4.10) a,(x9,0) =0 Voo, v=1,---,k.

An argument similar to that in the proof of Lemma 1.1 shows that a, = 0 and
consequently f, = 0. This proves the proposition.
5. PROOF OF PROPOSITION 1.3

Consider the new variable 0 = s+ p(t). Hence, F' = s+io and &;[t, s] = &;[t, o).
For n € QU(&,[t, o)), ¢ > 1, we write

(5.1) n=n"+n" AdF mod(dF),

where n° and n' are ¢- and (¢ — 1)-forms in t-space with coefficients in &,[t, o).
Hence,

(5.2) dn = don° + (don' + (—1)"%) AdEF  mod(dF),

where dp is the exterior derivative in t-space and 7]% is the ¢ form obtained by
differentiating the coefficients with respect to F. If n € Z94p(E,[t, 0]), then

(5.31) don® =0,

1 0 _
(5.32) don” + (—1)"nz = 0.
So
(5.4) 7’]0 = d0a07
where o is a (¢ — 1)-form in ¢-space with coefficients &,([t, 0]). And then,
(5.5) do(n* + (-1)9a%) = 0.
Now, if ¢ > 1, then

1 0 _ a1

(5.6) n + (=)o =dp",
where 3! is a (¢ — 2)-form in t-space with coefficients in &,([x, c]). Therefore,
(5.7) n=d(a’ + ' AdF) mod(dF),
and the proposition is proved in this case. If ¢ = 1, then it follows from (5.5) that
(5.8) N —a% = ij(x)aj, bj € &;.

Jj=0
Let

(5.9) ¢;(z) = /O b (s)ds.
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It follows from (5.1), (5.4), (5.8), and (5.9) that
(5.10) n=d(a® + Z cj(z)o?) mod(dF)
7>0
and the proposition is again proved here.
When ¢ = 0, it is easily verified that if
(5.11) n= > fr@t’ed,  fi €&,
Jez+" >0
is a first integral of dF, then
fj)j(x) = 07 if J 75 0.
Hence,
(5.12) n = Zaj(x)aj, a; € &;.
3=0

Now from dn A dF = 0, we obtain

.1 da; .
(513) Aj41 = Zmﬁ(l’) Vj 2 0.
That is,
djao (iU)j
(5.14) n= Z = (1) ~——.
= dxd 4!

The correspondence which to n associates ag realizes the isomorphism between
HY.(E:[t, s]) and &,. This completes the proof of the proposition.

6. MIZOHATA STRUCTURES IN DIMENSION 2

We recall Mizohata structures at 0 € R? and the classifying space Dy . For more
details we refer to [Tr4]. A Mizohata structure at 0 € R? can be thought of as the
structure defined by a form

(6.1) w, = dz +i(1+ p(z,t))dt?,

where p(x,t) is a C* function with support in {¢ > 0}. Notice that the function
(6.2) 27 (x,t) = x +it?

satisfies

dz” Aw, =0 in {t <0}
Now we prove the following lemma

Lemma 6.1. There exists a C™ function 2™ defined in a rectangle
R(e,8) = {(x,t) € R?%; |z| <, |t| <6}
and satisfying the following conditions
(1) dzt Aw, =0 in R*(¢,68), where R (€,8) = R(e,8) N{t >0 (resp. t <0)};
(2) dzT #0 in R(e, 6);
(3) zt(x,0) € R, for |z| <e€; and
(4) 27 (—¢,0) = —¢, 27 (00)—0 2T (e,0) = €.
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Proof. Consider the smooth form «, defined in the (z, s)-plane by
(6.3) az,s) =dx+i(1+ p(z,/]s]))ds.

Since « is elliptic at 0, then there are C*° functions f(z, s) and g(x, s) defined near
0 such that

(6.4) alx, s) = g(x, s)df (x, s).
Consider the map

(6.5) j: RZ —RxR";  j(a,t) = (x,t%).
Then,

(6.6) jJfa=uw, in {t>0}.

Thus, the function
F(z,t) = f(x,t%)

is a first integral of w, near 0 in {¢t > 0}.

For €, 6 small positive numbers, let

O(e,8) = F(R"(6,6)) and S = F([—¢,€] x {0}).
Notice that S is a part of the boundary of O(e,§). By the Riemann mapping
theorem, we can find a conformal mapping
h: O(e,6) — h(O(e, 6)) C {Sz > 0}
such that:
h(S) = [—€,€], h(F(+e0)) ==+e, and h(F(0,0))=0.

The function 2™ = h o F satisfies condition (1)-(4) of the lemma. O

Let C>*Dif f0+ be the group of germs at 0 € R of increasing C'*° diffeomorphisms
of R that preserve 0 and let C® Dif f;” be the analogue in the real analytic category.

Two elements f,g € C>*Dif fgr are said to be equivalent if there exist h,k €
CwDiffgr such that

(6.7) g=ho fok.
The quotient space ’DS’ (space of Sjostrand invariants) serves as a classifying space

for the space Miz(2) of germs of Mizohata structures. The equivalence class in ’DS’
of the germ of the function

(6.8) l(u) =20 (27) (u) = 27 (u), u€eR,

represents uniquely the Mizohata structure defined by w,,.

7. MIZOHATA STRUCTURES IN HIGH DIMENSIONS

After recalling the classification of germ of Mizohata structures by spaces Dy
and & as done in [Me2], we will compute the 0-th cohomology group, and close
the section by the characterisation of the leaves of a Mizohata structure.

A germ of a Mizohata structure at 0 € R"™! can be thought of as the germ of
the structure given by by a form

(7.1) w=dzx + idq(t) + Z a;(x,t)dt;,
j=1
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where
(7.2)  qt) =ti 4+ th iy~ —th,  a; € Fo({q(t) = 0}),
and such that

dwANw=0.

The signature of this Mizohata structure is the signature of the quadratic form ¢(t),
that is, v = |n — 2k|. Tt is proved in [Me2] that if v # |n — 2|, then the structure is
locally integrable and then w can be written, in a suitable system of coordinates,
as

(7.3) w=d(x +iq(t)).

Otherwise the space Dy (defined in section 6) and a space &' (to be described

below) can be used to classify the space Miz,_o(n + 1) of germs at 0 € R"*! of

Mizohata structures with signature |n — 2|, when n > 2 and n = 2, respectively.
To explain this we start by considering the variety

(7.4) Vo= {t € R"; q(t) =0}

(which reduces to the z-axis in the strictly pseudoconvex case, i.e. when the signa-
ture is n), and the connected components of R*"*1\R x Vp. If v # |n — 2|, then

(7.5) R™™M\R x Vp = RTT UR™

where

(7.6) R = {(z,8); q(t) >0} and RPN = {(x,1); q(t) <0}
If v=n—2and n > 2, then

(7.7) R*™\R x Vo = RT URE URMT,

where

R ={q(t) >0, t1 >0}, R} ={q(t)>0, t1 <0}, and

(7:8) R™ = {q(t) < 0}.

If v =0 and n = 2, then

(7.9) R™MR x Vo =R} , UR} _UR? [ UR® _,
where
(7.10) R} , ={t1 —t3>0, t1 >0}, R} _={t]—t3>0, t <0},
R , ={t] —t3<0, t >0}, R® ={f -3 <0, to <0}
Case v =n —2 and n > 2. There exist coordinates (z,t1, - ,t,) and a function
p(z, s) defined in the (z, s)-plane with support in s > 0 such that
(7.11) w=w, = dz +i(1+ p(z,/q(t)))dg(t),  inRL},
' w=w, = dz + idq(t), in Ry URH
The two-dimensional Mizohata structure defined in the (z, s)-plane by
(7.12) wg =dz +i(1+ p(z,s))ds?

determines w, in R"*1. Let z* be (semi) first integrals (in half planes) of w9 as

defined in section 6 and let I = 2*o(27) 7. The class of [ in D is the representative
of w) and also that of w,.
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Remark 7.1. The roles of RTF_& and Rfr_l can be switched in (7.11); i.e., one can
find a first integral of w in Ri‘:} URMTL,

Case v =0 and n = 2. In this situation, we can find coordinates (z,t1,t2) and
functions p1, pe2 defined in the (x, s)-plane with support in s > 0 such that

(7.13)
W= Wy, pp = dz +i(1+ pr(z, /13 —13))d(t] — t3), in R?

W= Wy, ,pp = dx + i(1+ pa(z, V t% - t%»d(t% - t%)a in Rg—7+7
W= Wy, pp = d(x +i(t3 — 13)), inR3 _UR? _.

The form w = w,, , in R? is then determined by the two two-dimensional Mizohata

structures w9 and wj, given in the (z, s)-plane by

wgl =dz +i(1+ p1(z,s))ds?,

7.14
(7.14) w22 =dx —i(1+ pa(z,5))ds>.

For j = 1,2, let zji be the integrals of ng as defined in section 6 and let I; =
zj' o(z;)h

Remark 7.2. One can find a first integral for w in the union of a component of
q(t) > 0 and a component of ¢(t) < 0. Hence, in the expression (7.13), the role of

R3 , can be switched with that of RS _.

Now we proceed to define the classifying space & . In C®Dif fi x C*Dif f;",
we define an equivalence relation by:

Ja,b,c € C¥Dif f;

! /
(7.15) (f.9)~(f9) = {f,:aofoc and ¢ = bogoc.
It is proved in [Me2] that the quotient, & , thus obtained is in one to one corre-
spondence with the space of Mizohata structures at 0 € R? with signature 0. A
representative for w,, ,,, as in (7.13), is given by the class of (I1,ls) in & .

We summarize this discussion as follows. A germ of a Mizohata structure at
0 € R"*! with signature v is given by (7.3) if v # |n — 2|; by (7.11) if v =n — 2
and n > 2; and by (7.13) if v =0 and n = 2.

For the description of H?, we need to recall the principle of constancy along the
fibers (see [BT] or [Tr4]). If z is a first integral of a 1 -form w in a neighborhood O
of a point p with dz(p) # 0, then for any other C* first integral f in O there exist
an open set U 3 p, U C O, and a C* function h defined in z(U), holomorphic in
the interior of z(U), such that

(7.16) f=hoz in U.

From this principle, we can deduce the following for a Mizohata structure:
(1) v #|n —2|. Then

C{t}, ifv#n,
Hg(5"+1)§ {Af-a} ifyin.
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(2) v=|n—2|and n # 2. Let [I] € D be a representative of w.
HO(EMTY) =2 C{z}, ifn>2,
HO(EY) = Ay, if n=1;
if [I] # [identity], then H(£"1) = C.

If [I] = [identity], then {

(3) v=0and n=2. Let [I1,l2] € & be a representative of w.
If [I1,15) = [id,id], then HO(£3) = C{z};
if [I1,12] # [id,id], then HY(E?) = C.

We close this section with the topological description of Vg (given by (7.4)) and
of the leaves of w. Let

(7.17) VE={teR™ q(t)>0} and V~ ={teR"™ q¢(t) <0}
Define £, £F, and ¥~ as
(7.18) YO =VonS™ ! and XEt=vVEngsl
where S"~1 = {t € R"; |t| = 1} is the (n — 1) sphere. Denote by B™ the unit ball
in R™.
Lemma 7.1. Assume that v # n. Then we have the following isomorphisms:
SO ghluegnThtl s St = gl BrE L and BT = BF x §7TRL

Proof. A point 6 = (61,---,60,) € S*~! will be written as § = (¢,0"), where ' =
(01, -+ ,0k) and 0" = (g1, - ,0,). It is then easily verified that the following
are diffeomorphisms:

(719) (bo ZSk_l X Sn_k_l I 20; (bo(a?ﬁ) = (Oé,ﬁ),
(\/ 2- |T|2a77—>7

(7.21) ¢ :BF x s Rl L w ¢ (0,8) = %(07 V1i=lo?B). O

-l

(7.20) ¢t Sl x BnTF L wt ¢t (a, 1) =

8. REDUCTION TO FLATNESS ALONG THE x-AXIS

We prove here that an w-closed form is w-cohomologous to a form flat along the
z-axis. More precisely,

Proposition 8.1. Suppose that w defines a Mizohata structure. Then for every
n € Z9,(E"TL) there exists u € QI7H(E™ L) such that

n—due€ Z9,(Fo({t =0})).
Proof. First assume that w is locally integrable, i.e.,
w = d(z +iq(t)).
Then from
dnAw =10
it follows that
dn=m Nw,
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for some 7, € QI(E"F). By taking the exterior derivative we see that 11 €
Z4,(E™F1), and so there exists 7o € Q(E™F1) such that

dnm =n2 Aw.

The continuation of this process generates a sequence {n;};>o C Q9(E"™) (with
1o = 1) such that

(8.1) dnj =nj+1 Aw

(this is known as a Godbillon-Vey sequence associated with w). Now we define a
formal g-form « in the (z,t, s)-space (where s is real) by

(8.2) o= an (ii)J .
=
From (8.1), we easily derive
(8.3) da = an“(%)j ANd(z +i(q(t) + s)).
>0 '
Thus,
(8.4) da Nd(z +i(q(t) +s)) = 0.

Consider the formal expansion of the n;’s with respect to ¢, and the formal expansion
of a with respect to ¢t and s, i.e.

(8.5) Ty = Y it
re(Z+t)n
" (is)
(8.6) Tea= Y 7 (i)

il
30, re(z+)n J:

(n} is a g-form with coefficients depending only on z.) It follows from (8.4) that
Ty s € Z9 4(ati(q(t)+s)) (Ex (L, 8]).
From Proposition 1.3, we can find
B e Qi (]t s])
such that
(8.6) (Th,s — dB) Ad(z +i(q(t) + s)) = 0.

By Borel’s extension theorem (see [GG] for example), we can find 8 € QI~1(£"+2)
such that

(8.7) T,.8 = 5.
Substituting this into (8.6), we get
(8.8) T s(a—dB) Nd(x +i(q(t) +s)) =0.

Let By be the pullback of § to the subspace s = 0. Since the pullback of « is g = 7,
then it follows from (8.8) that

(8.9) Ti(n — dfo) A d(z +ig(t)) =0,

which means n — dfy € Z9,(Fo({t = 0})), and the proposition is proved in this
case.
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When w is not locally integrable (which might happen when v = |[n—2|) we know
from section 7 that w coincides with d(z + ig(t)) in components of R*F1\R x Vj.
The existence of the sequence 7; is then guaranteed in those components and the
rest of the proof can be continued verbatim. O

9. REDUCTION TO FLATNESS ALONG R x 1}

We prove here that for a Mizohata structure given by w, the w-closed forms are
w-cohomologous to forms flat along the separatrix. More precisely, we have the
following

Proposition 9.1. Letn € Z9,(E") with ¢ > 1. Then there exists u € Q4-1(E™H1
such that

n—due Z%(Fo({q(t) = 0})).

Since the case v = n is contained in Proposition 8.1, we will assume that v # n.
The idea of the proof is to use the desingularization of the variety V° to construct
a manifold in which the pullback of ¢(t) can be considered as a coordinate y. Then
expansion with respect to y together with Borel’s extension theorem will allow the
reduction to forms that are flat along y = 0 and so, after pushforward, to forms
that are flat along ¢(¢) = 0. The remainder of this section gives the details of this.

We start with the case v # |n — 2| (and so w = d(x + iq)). Let

(9.1) I : RxRFxS" ! —RxR™ My(x,r0) = (z,r0).
Note that if n € Q4(£"T1), then its pullback
(9.2) m = 1in

is the germ of a ¢-form along
{0} x {0} x "1 € RxR+ x s L.

Let qo be the restriction to the sphere S"~! of the quadratic form ¢(t) and let

A =TI 'R x Vp\R x {0}) N R x {0} x §"~!
={(z,r,0) eRxR+ x S r=0and ¢(f) =0} and
A =TI H (R x VE\R x {0}) N R x {0} x §"!
= {(x,7,0) ERxRT x §"7; =0 and ¢o() > 0 (resp. <0)}.

Hence,
(9.3) A =R x {0} x X0 = Rx Skt x gnk-1,
AT=Rx{0} xS = Rx S x Bk,
AT =R x {0} x¥ = Rx BFx g k1
Let a > 0 be small enough so that the tubular neighborhood
Ua =15 ((—a, a))
of % in §”~! is diffeomorphic to ¥° x (—a, a). Let

(9.4) Uy : 0% (—a, a) — Uy, U1((0,607),5) = (Vs +160',v/1 — s8").
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Notice that

(9.5) G oV((60,0"),s) =s.

Let

(9.6) Iy : Rx R x X% x (—a, a) — R xR x Uy;
o(x, 7, (0/,0"),8) = (2,7, 91((0,0"),5)).

Note that if 71 is a form in R x R x U,, flat along r = 0, then its pullback

(9.7) n2 = 5m
defined in R x R+ x X0 x (—a, a) is flat along r = 0. Note also that
(9.8) (I d(x +iq(t)) = d(x + ir’s).
Let
Uy : RTf xR — RY xR;
(9.9) U(r,s) = (u,y) with {Z _ :55.

Notice that W5 (u,y) = (u, %) is a homeomorphism away from u = 0.
u

Remark 9.1. If f(r,s) is the germ at 0 € R+ x R of a C* function, flat along r = 0,
then its pullback via ¥ L

(U5 f (uyy) = flu,-5),

2
U
can be extended as a C*° function to a full neighborhood of 0 in the (u,y)-plane.
Moreover this extension can be taken to be flat along the y-axis.

Let
I3 : RxR¥ x[—a, a] x X% — R xR?x %0,
II3(z, 7, 8,0) = (x,Ua(r, s),0).
For 6 and e small positive numbers, define
R(6,a) =10, 8] x [—a, a,
(9.11) A(8,a,¢) = I3([—¢, €] x R(6,a) x X%)
= [~¢, €] x Uy(R(6,a)) x X°.

(9.10)

It follows from Remark 9.1 that if 72 is a C°° form defined in a neighborhood of
{0} x {0} x {0} x 2% C R xR+ x [—a, a] x X°
and flat along r = 0, then its pullback
(9.12) s = (I3 1) 1,
which is defined in a neighborhood of
{0} x {0} x X0 C A(8,a,¢),
can be extended as a C* form to a full neighborhood of

{0} x {0} x 2% ¢ RxR?*x %0
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Moreover this extension 773 of 73 can be taken to be flat along u = 0. Notice that
(9.13) dz = (I3 ")* (I3 (I d(x + iq(t)))) = d(x + iy).

With all of this in mind, choose n € Z9,(E"™!). From proposition 8.1, we can
assume that n € Z9,(Fo({t = 0})). Then, n; = IIjn is flat along r = 0, 7o = II5m

is flat along r = 0, and 73 = (Hgl)*ng is flat along u = 0. Moreover, since 7 is
w-closed, then

(9.14) dis ANd(x+iy) =0 in A(a,c¢).

Note that (9.14) may not hold in a full neighborhood of {0} x {0} x X% in R xR? x %20,
Let

(9-15) Tyis = Yy’

Jj=0

be the expansion of 773 with respect to the variable y. Each ng is then a ¢-form with
coefficients independent on y and flat along u = 0. We have

(9.16) (Ty73) Z{dng ] + 1) Adz)y mod(dz).
3=>0

We write

(9.17) n, = A+ B ANdZ+ CV Ndu+ D AdEAdu mod(dz),

where A7, B7, C7, and D’ are forms on X9 with respective degrees ¢, ¢ — 1, ¢ — 1,
and ¢ — 2, depending on parameter (z,u) and flat along u = 0.

For a g-form a on ¥° depending on (x, u) we adopt the following notation: do will
be the exterior derivative on 3°, a, and oz will be the g-forms on ¥° obtained from
« by differentiating the coefficients with respect to v and Z, respectively. When «
is considered as a g-form on R x R? x X9, then

da =doa+ (—1)%az ANdzZ + (—1)%a, Adu  mod(dz).
With this, we obtain from (9.17)
dny = do A7 + (doB? + (—1)7AL) A dZ + (doC? + (—1)7AL) A du

(9.18) + (doD? 4 (=1)7BJ 4+ (=1)7'CL) AdZ Adu  mod(dz).
Since,
(9.19) T ANdzE = AT N dz — CITY A dZ A du mod(dz),
then
(9.20)
dnf} + ;( DG+ D™ Adz = do A7 + (doC7 + (—=1)74%) A du

+(doB? + (—1)7AL 4 (=1)1 %(] + 1)ATTY) AN dz

+(doD? 4 (=1)1BJ + (=1)771CL — (1)1 %(]—i—l) CItYANdZ Adu  mod(dz).



1048 A. MEZIANI

Now it follows from (9.14), (9.16) and (9.20) that

(9.211) do AT =0,

(9.212) doB + (~1)1AL + (-T2 + AT =0,

(9.213) doC7 + (—1)947 =0,

(9-214) doD? + (—=1)1B], + (~1)"'CL — (—1>q§<j +1)CIH =0

Let 71,72, - -+ be generators of H4(X"). From (9.211) we get

(9.22) Al = Z al (z,u)m + doad |
]

where o is a (¢ — 1)-form on X%, flat along u = 0, and where the a{’s are O
functions of z, u and flat along u = 0. With this, (9.213) becomes

(9.23) do(C9 + (—=1)%ad) + (—1) %‘” = 0.
Hence,

(9.24) ‘?9%{ =0 and do(C? + (—1)%d) =0,
from which it follows at once that

(9.25) al (z,u) =0

(since a{ (z,0) = 0) and that

(9.26) C7 4 (—1)9ad = Zgl x,u)8; + doy?,

l

where the §’s are generators of H9~1(%0), g/ (x,u) smooth functions flat along
u =0, and 77 a (¢ — 2)-form on X° flat along u = 0. With (9.25) and (9.22), we
can rewrite (9.212) as

do(B7 + (1)l + (<13 + Da’*) = 0
and then
(9.27) B+ (—1)%al + 2(] + 1)t = Zfl z,u)é; + dof,
where (37 is a (¢ — 2)-form on X9, flat along u = 0, and where the flj’s are smooth

functions of (x, ) and flat along u = 0. With (9.22), (9.25), (9.26) and (9.27), the
expression in (9.214) becomes

Ao(D7 + (~1)98 + (~1)7 ™M — (~1)72 (j + 19+

(9.28) P _
= (-1)" 1Z<afl —a—glj—%(j—i-l)gl”l) 1.
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Therefore,

off og i, :
(9.29) a—JZ — % -50+ Lgi™ =0,
(9.30)  do(D + (~1)°8] + (1)L = (1750 + DY) =0,
Thus,
(9.31) DI+ (=1)9(f —~L - %(] + 1)yt = Zm{(m,u)n +dp?,

l

where the 7;’s are generators of H472(X°), the m] are smooth functions flat along

u=0, and g’ a (g — 3)-form on X° flat along u = 0. Let
(9.32) ol = + I NdZ+ 4 A du+ Z(/Ou mi (x, s)ds)T + 1.
1
Then, it follows from (9.32), (9.31), (9.27), (9.25), (9.22), and (9.17) that
n = do? + (—1)q‘1%(j + D)t A dz + (_1),1%'(]. + 1)y AdZ A du

+(=1)471 Z(flj(x, u)dz + glj(x, w)du) A 6.
1

(9.33)

For every j and [, define a function p{(x, u) (flat along u = 0) by
(9.34) p{ (z,u) = / glj(x, s)ds.
0
It follows from (9.29) and (9.34) that

(9.35) dp] = f/ (z,u)dz + g} (x,u)du — 3(j +1)pl " (z,u)dz  mod(dz).

2
Define the formal (¢ — 1)-form (;AS, with coefficients flat along v = 0, by
(9.36) b= Z{Uj + Z ) (z,u)6 )y
320 l

It is verified at once that
(9.37) dé = T,z mod(dz).
Let ¢ be a smooth (¢ — 1)-form such that
(9.38) Typ = ¢.
Notice that ¢ is necessarily flat along v = 0 and that
(9.39) (75 — do) Nd(x +iy) is flat along uy = 0.

Now ¢ = (II; })*T5¢ is a C™ form flat along r = 0 in R x R¥ x U,. We can
extended it as a C'*° form 9 to a full neighborhood of

{0} x {0} x "1 € RxRF+ x !
in such a way that it is flat along TI; *(R x {0}). Hence,
(9-40) f=)e
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is a smooth (¢ — 1)-form defined in a neighborhood of 0 € R"*!. Moreover, it
follows from (9.39) that

(9-41) (n —df) Aw € QU (Fo({q(t) = 0})).

The proposition is proved in this case.

The case v = n—2, n > 2, can be handled in an analogous way with the following
modifications. Each A° and U, has now 2 components AS_, A and U, 4, U, —,
respectively, and

IRXRF xU,y) € {t1 >0} and TL(RxRF xU,_) C {t; <0}.
Using remark 7.1 we can assume
Mjw = d(z + ir’qo(0)) iNnRxRF x U, orin Rx R x U, _.

The same argument as that in the previous case yields (¢ — 1)-forms ¢ in R x
R+ x U, + flat along r» = 0, such that

(n —dys) ANTjw is flat along R x R+ x AY.
Now the forms 4 can be extended as forms {/;i defined in a full neighborhood of
{0} x {0} x "' € RxRF+ x !
and flat along r = 0 and along R x R+ x A% Tf we define f as
f= ) W +9) € QN (Rt =0})),
then
(m—df) nw € QI(Fo({q(t) =0})).
The proposition is again proved in this situation.
The last case v = 0 and n = 2 can be dealt with in a similar way.
10. COHOMOLOGY WITH SUPPORT IN A WEDGE

We consider here the cohomology groups obtained when the forms have support
in the components of R"™1\R x Vj.

Let w be a form defining a germ of a Mizohata structure and given by the
canonical expression (7.11) or (7.13) of section 7. Let Wy, Wa, - - be the connected
components of R*™\R x V. For each i, let Co(W;) be the space of germs at
0 € R**! of O functions with support in W; and flat along R x Vp, i.e.

(10.1) Co(W;) ={f €& f=0 in R™N\W;} N Fo({q(t) = 0}).
We can assume (remarks 7.1 and 7.2) that
(10.2) w=d(x+1iq(t)) in W;.

Let L; be a (generic) leaf of w in W; (L; is a level set of « +iq(t)). Note that when
the signature is n there is only one W; and the leaves are diffeomorphic to S™~1.
Otherwise, L; is diffeomorphic to a component of ¥ or to a component of ¥,
depending whether W; is a component of ¢(¢) > 0 or a component of ¢(t) < 0. We
have the following

Proposition 10.1. For q > 1 we have
H1(Co(W;)) = HTHL)®S.
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Proof. Since the proof is similar in all cases, we assume that v # |n — 2| and
W, = RT’l. In this case

L= SMx BrR,
The idea of the proof is to construct a manifold M such that
D: M x(—¢,¢) x(0,8) — W; is a diffeomorphism;
HY(M) = H(Li) Vg
D*w = d(x +1iy); and
HA(Co(Wh)) = HY, . (Fly = 0)).

Proposition 1.1 would then give the desired result.
First we construct a special map in the plane that sends

([0,1] x {0}) U ({1} x [0, ¢]) onto [0, 1+ €] x {0}

and has additional properties which we list later. Consider the C'*° function x(p)
of the single variable p defined by

b

x(p) =1 for p<

(10.3) X(p) =0 for p>

0<x(p) <1 and [X'(p)I <1 Vp

b

Wl W+~

1
Define the C*° function u(p,r) in the rectangle 0 < p <1, 0<r < 3 by

2
p— 3 2
(10.4) ulpyr) = px(p) + | 7= +3 | A= x(p).
Notice that
(10.5) u(p,0)=p  Vpel0,1].
1
Let 6 and € be small positive numbers and let O(6, €) be the closed set in [0, 1]x[0, 5]
bounded by the curves
2
p— 3 2
(10.6) p=0,7r=0 p=1, r*(1—-p* =6, andl_r—|—§:1—|—e.
For u(p,r) as in (10.4), consider the C*° map
Yse: O(6,€) — [0, 1+ €] x [0, 8];
107 vmulor)
Vs.e(p,r) = (u,y)  with
y=r*(1-p%.
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It is easy to verifiy that
(a) ¥s.e is a homeomorphism;

(b) s.c(p,r) = (p,7*(1 — p*)) when p <

3

Wl =

3—2r
3(1—r)

<

)= ( ;0);

£) s, : Interior(O(8,€)) — (0, 1 +¢€) x (0, 6) is a diffeomorphism.

Furthermore the map wg)e_l extends as a C'°° map on the side y = 0, except at the
point (u =1,y = 0).
Now we construct a sequence of maps that will define the manifold M. Let

(10.8) M :RxRF x S" ! — R xR My(x,r,0) = (z,70).
We have
(10.9) ;1 (W;) =R x R¥ x T+,

Let ¢ be the diffeomorphism defined in (7.20) and let

Pt : RxRT x §¥ 1 x Br—k — Rx RT x ©+;

(10-10) Ot (2,r,0,7) = (z,7, 01 (0,7)) = (,7, %\/mﬂ, %7’)

We have

(10.11) (@) (Oid(x +iq(t))) = d(x + ir*(1 — |7]*)).

Let

(10.12) c: S"F1 0, 1] — B"F; ¢(a, p) = pa

and let

(10.13) C: RxSF1x 8"k 10,1 x RF — Rx SF ! x Br—k x R¥;
C(z,0,a,p,7) = (2,0, c(a, p),r) = (,0, pa, ).

Note that

(10.14) C((@F)* (I d(x + iq(1)))) = d(x +ir*(1 — p?))

does not depend on « and 6. For O(6, €) and ¢s . as above, define

(10.15)

Use: Rx SF1x 8771 0(8,6) — Rx S x 87+ [0, 1+ ¢] x [0, §];
Usc(x,0,a,(p,r)) = (2,0, 0,95 (p,7)).

Thus,

(10.16) U d(x +ir* (1 - p°)) = d(z + iy).

Let

Crye: S"TFTL [0, 14 €] — B k(1 4+€);  crpe(a, p) = pa,
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where B"#(1 + ¢) is the ball with radius 1 + ¢ in R"*!, and let
(10.17) Fso:Rx SF1x 8771 5[0, 14 ¢] x [0, §]
— R x §*1 x Br=k(1+¢) x [0, &;
Fsc(z,0,a,u,y) = (x,0, cr4e(a, u),y).

Now we define the manifold M as

(10.18) M = S*1 x B"7F(1 4 ¢)
and the diffeomorphism D as

(10.19) D=Io®" oCoW, oF,
Then,

HY(M) = HI(S*1) = HI(L;)

and all the conditions stated at the begining of the proof hold. Let Y be the
submanifold of M x R x [0, 8] given by y = 0, i.e.,

(10.20) Y ={(p,z,y) € M xR x [0, ¢]; y = 0}.

Now, it is not difficult to see that if f € Co(W;), then foD € F(Y) andif g € F(Y),
then g o D71 extends (by 0) as an element of Co(W;). It follows from all of this
that

(10.21) HE(Co(Wi)) = Hy, ) (F(Y)) = HITH (S @ S.

(z+iy
The proposition is therefore proved in this case.
When W; = R™™!, a similar argument would give

Hi(Co(W;)) = HI"Y (s es,

where the space &’ is defined in an analogous way as S (replace y > 0 in the
definition of S by y < 0). But since &’ ~ S, then &’ can be replaced by S in this
last isomorphism. O

We conclude this section by proving the following proposition and a remark
about a canonical representation of 1-cocycles.

Proposition 10.2. Letn € Z9,(Co(W;)) with g > 1. If there exists p € QI-1(E™H)
such that

(10.22) n=du mod(w) in W,

then p € Q47 (Fo({q(t) = 0})).

Proof. Let M and D be as defined in (10.18) and (10.19). Let
(10.23) 7=D"n and p=D"p.

As noticed above 77 is flat along Y. Now D is C*° except at the points (x, 0, ua, y)
for which v = 1. In particular iz is C*° in a neighborhood of

{0} x S*71 x B"™F x {0} € Rx S*tx B"* x 0, ¢].
Next, if  is a generator of H7~1(S¥~1 x B"~F) then it follows from (3.14) that
(10.24) 7= f(z,y)0 Nd(z —iy) +dup mod(d(z + iy)),
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with f flat along y = 0 and po a (¢ — 1)-form flat along y = 0. If j,, is the
embedding defined in (1.9), then D o j,,(p) = (0,0) is a constant map. Thus

(10.25) Joi=(Dojn)'n=0 Vi

since p is a (¢ — 1)-form with ¢ — 1 > 0. Therefore, it follows from Proposition 1.2
that f = 0 and g is flat along y = 0. Consequently p is flat along ¢(t) = 0. This
completes the proof. O

Remark 10.1. For n € ZL(Fo({q(t) = 0})), let 1; be its restriction to W;. Expres-
sion (10.24) is still valid in this case (¢ = 1). This means that 7 is w-cohomologous
to a form 7y defined by

(10.26) no = fi(z, q(t))dzi(z,q(t))  n W;
where z; is a first integral of w in W; and the function f;(z,s) is flat along the
z-axis s = 0.
11. HIGH ORDER COHOMOLOGY GROUPS
We characterize here the cohomology groups HZ when g > 1.

Theorem 11.1. Let w be the germ at 0 € R of a Mizohata structure with
signature v. Then for ¢ > 1 we have

(11.1) HI(E"Y) = gIl(Shtx sn oS  ifv#n,
(11.2) Hi(E™) = gris"Hes if v =n.
Proof. Let n € Z9,(E"!). From Proposition 9.1, we can write
(11.3) n=dp+n’ mod(w),
where € Q7Y€ ) and n° € Z9,(Fo({q(t) = 0})). Define

O in W,
(114) = {g in R™\W;,

where, as in section 10, the W;’s denote the components of R**1\R x V5. We have
then

(11.5) = n.
It follows from Proposition 10.2 that
(11.6) ;€ BL(E™Y) = n; € BL(Co(Wr)).
Now, it is easy to see that the correspondence
HI(E) — P HL(Co(W));
[ — > )]

%

(11.7)

is an isomorphism. This together with 10.1 gives

(11.8) HiE™) = P (HTH L)@ S).

3
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Finally, since the L;’s are diffeomorphic to the components of
ST =51 xB"* and £7=B"x s
when v # n, and to S"~! when v =n, (11.1) and (11.2) follow. |

12. THE FIRST COHOMOLOGY GROUP IN DIMENSION TWO

We construct an isomorphism between the first cohomology group relative to a
Mizohata structure in the plane and a space ), defined below.

Recall that A, (resp A_) denotes the space of germ at 0 € R of C*° functions
that have a holomorphic extension to the upper (resp. lower) half plane. For
1 € C*®Diff;, we define an equivalence relation ~; on A_ x A_ by

(12.1)  (f,9) ~ (f',9") <= Ghke Ay; (f = f)olt+hol=(9—9g)+k).

Denote by ) the quotient space and by [f, g]; the class of (f,g). The following
lemma says that ), depends only on the class [I] of [ in D (see section 6).

Lemma 12.1. Ifl' € C®Dif f; is such that [I'] = [I] in Dy, then
(12.2) Vi =2 Y.

Proof. 1f [I'] = [l], then there exist a,b,€ C¥Dif f such that I’ = aolob. The
automorphism

Bop: A x A — A x A; Doy(frg) = (foa ' gob)
is then easily seen to satisfy

(123) (f7 g) ~1 (f/7gl> — q)a,b(f7 g) ~ (I)a7b(f/7gl>~

It therefore induces an isomorphism from ); into ) O

Let w, be as in (6.1) and z* be its (semi) first integrals defined in section 6.
Recall that the class in Df of

(12.4) l(u) = 2% o (z7) Hu) = 2F(u), u€eR,
is a representative of w,. Now we can state
Theorem 12.1. For w, andl as above, we have
1 (e2) ~
(12.5) pr &%) =2 V.

The remainder of this section is devoted to the construction of the isomorphism
(12.5). Let

(12.6) n = a(z,t)dr + bz, t)dt € Q' (E?).

Without loss of generality (Proposition 8.1), we can assume that a,b € Fo({t = 0}).
The equation

(12.7) du Nw, =nAw,
is equivalent to

(12.8) Lyu=f,
where

L,= % — 2it(1 + p)% and f=2it(1+p)a—b.
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The pushforwards via z* of (12.8) in rectangles R* (e, 6) (see section 6) are the
equations

(12.9) @@): F* () =9¢(¢) inzF(R*(e,8) CC
' aC L= ’ ’

where for a function A(z,t) defined in the (z,¢)-plane A% means
AE(Q) =Ao(z5)71(¢Q)  in 2E(RE(e,9)).

Since our problem is local and f is flat along ¢ = 0, then we can assume that fi is
defined in C and compactly supported in z*(R* (¢, §)). The C* functions

~ 1 +
(12.10) 50 = 5y [ S dunam
satisfy then
~=
(12.11) %LZO = ¢*.

In particular ﬂéﬁ are holomorphic in the lower half plane ¢ < 0. Denote by v* the
restriction of 43 to I¢ = 0. We have then (in terms of germs) v € A_. Set

(12.12) L: QY (Fo({t=0}) — Vi L) =[vT,v7]
Lemma 12.2. If n is w,y-ezact, then I;(n) = 0.

Proof. Let 1 be a C* solution of (12.7) and let ¥ be the restriction of v to
R*(e,6). We have then

(12.134) dp* = ozF)Adzt =0 in R¥(e,6).
Therefore,
(12.14) Y —aF ozt =ht ot in R%(e, 6),

where h* is holomorphic in the interior of 2*(R* (¢, §)) and is C* up to the bound-
ary. Since

Y (@,0) =9~ (2,0),
then
(12.15) ug ozt (2,0) + ht o2t (2,0) = Uy 027 (2,0) + h™ oz (x,0),
or equivalently
(12.16) vtol+hTol=v"+h"
which means [vT,v7]; = 0. O
This lemma shows that [; induces a homomorphism (that we will call again I;)
Li: HS (%) — Yi; L) = Li(n).

Now we prove that I; is the sought isomorphism of Theorem 12.1.
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Surjectiwvity of I;. Let [f, gl € Vi with f,g € A_. Let F,G be extensions of f,g
to a neighborhood of 0 € C which are holomorphic in ¢ < 0. Define a function
m(x,t) in a neighborhood of 0 € R? by

OF (+@,1), in R (e.6),
(12.17) m(z,t) = { 5%

a—z(z_(x,t)), in R (e, 9).

Clearly m is flat along ¢t = 0. Define a 1-form 7 by

(12.18) n= —;‘E(é’;)) L,2%(z,t)dt,  in RE(e,6).

It is easily verified that the equation (n — du) A w, = 0 gives rise to

(12.19) % = g—lg and 88% = %

Therefore, I;(n) = [f, 9]i-

Injectivity of I;. Suppose that I;(n) = [vt,v~]; = 0. Then there exist h* € A,
such that

(12.20) viol+hTol=0v" +h".

Define a function u(z,t) by

(12.21) u(x,t) = ug (2% (x,t) + h (25 (x, 1)) in R* (e, 6).

It follows from (12.20) and from z(x,0) = 0 that u is a C* function. Easily,
(12.22) NAw, = duw,.

To finish the proof, we need only to show that u € C°°. We rewrite (12.22) as
(12.23) up = 2it(1+ p)ug + f.

Since the restriction u™* (resp. u~) of u to t > 0 (resp. t < 0) are C* and since all
its partial derivatives extend as continuous functions to ¢ < 0 (resp. ¢ > 0), then
we need only to show that the partial derivatives of u™ agree with those of v~ on
t = 0. For this, we can use an argument similar to that used by Treves to prove
Lemma VII 3.1 in [Tr4]. More precisely, since p and f are flat along ¢ = 0, then
we can prove (by induction) that the partial derivatives of u®™ on t = 0 are fully
determined by the derivatives of its trace u(x,0). This proves the injectivity of I
and also the theorem.

13. THE FIRST COHOMOLOGY GROUP WHEN ¥ =n — 2 AND n > 2

In this section we will prove that the the first cohomology group relative to
a Mizohata structure with signature n — 2, n > 2, and with representative [I] is
isomorphic to the space Z; constructed below.

For | € C®Dif f, consider the equivalence relation ~; in A_ x A_ x A4 by

A(h,k,m) € Ay x Ay x A_;
(13.1) (a,8,7) ~i (o, 3,7) <= (a—d)ol+hol=(B-F)+k
=(v=7)+m.
Denote by Z; the quotient space and by [, 3,7]; the class of (a, 3,7).
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As in Lemma 12.1, we can easily prove
Lemma 13.1. Ifl' € C®°Dif f; satisfies [I'| = [I] € Dy, then
(13.3) Z, = 2z,
Let w, be the germ at 0 € R™™! (n > 2) of a Mizohata structure with signature

n — 2 described in (7.11). Let w9 be as in (7.12), let z*(z,s) be the (semi) first
integrals of wg as defined in section 6, and let

(13.4) l(u) =z o (z7)  (u) = 27 (u), u e R

Thus [I] € Dy is a representative of w) and also that of w,. The remaining of this
section is devoted to the construction of an isomorphism between H, (£"*') and
Z.

Let n € Zul)p (En1). We can assume (thanks to Proposition 9.1) that n €
z, (Fo({q(t) = 0})). Tt then follows from remark 10.1 that there exist f*,
fT 7, and f~ defined in the (z, s)-plane such that

(13.5) suppfHE c {s >0}, suppf~ C {s <0},

and such that 7 is w,-cohomologous to the form 7y defined by

f+ e d=F in R,
(13.6) Ny = (=, \/q(t) d(z —iq(t in Ri‘f_l,
—q(t))d(z —iq(t)), in R™"L.

Making use of (13.6), we solve equation (1o — du) Aw, =0 in Rf{i and R™*!. The
traces along the z-axis of these solutions generate an element in Z;.
In the (x, s)-plane consider the following equations:

dutt ANdzt = fH(z, s)dzt Adet
(13.7) du™™ Nd(x +is®) = fH7 (z,8)d(x — is?) Ad(z + is?);
du~ Nd(x —is?) = f~(x,8)d(z +is?) A d(x — is?).

We denote by f++, f+, and f~ the pushforwards via 2+, 2= = z + is2, and
z- =x—is?of fHF, £, and f~, respectively. Let

(13.8) = (¢) = % /«: %du/\ dii and g () = 5 ) Jg (M)d A dii.
Notice that the functions
(13.9) utE(z,t) = ug FzF(x,q(t)) and u (z,t) = Ug (z +iq(t))
satisty
(13.10) du™E Aw, =m0 Aw,, in R,

du™ Aw, =10 Awp, in R,

It follows from (13.5) that g * are holomorphic in S¢ < 0 and Ug is holomorphic
in ¢ > 0. Hence, if

(13.11) vPF = U3 F gm0 and 0T = Uy |sc=o,
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then (vH+ 0H~ v7) € A_ x A_ x A;4. In this way we can associate with the
wp-closed 1-form 1 an element of Z;, namely

Li(n) =" v,
The following lemma says that I;(n) depends only on the cohomology class of 7.
Lemma 13.2. Ifn € B}, ("), then Ii(n) = 0.

Proof. Let ¢ € E"T! be such that

(13.12) do ANwp =10 N wp,

where 79 is defined in (13.6). This together with (13.11) gives

(13.13) d(¢ —utF)Aw, =0,  in R},
d(¢—u")Aw, =0, in R™1,

Thus,

(13.14) p—ugFozF=htFTozt and ¢—l5o0z =h oz,

where the smooth functions A+ and h~, defined near 0 € C, are holomorphic in
¢ > 0 and 3¢ < 0, respectively, from which it follows that
vt ol + htTol=0vt— + ht— =v— +h".

This means [v™ T, 0ot~ v7]; = 0. O

Hence I; induces a homomorphism (that we label again I;) from H, (€"*') into
Z;. Now we prove the bijectivity of this induced homomorphism.

Surjectivity of I;. For f,g € A_, m € Ay, let F,G and M be smooth extensions

of f,g and m, respectively, to a full neighborhood of 0 € C with F, G holomorphic

in the lower and M in the upper half planes. It is verified at once that the form
€ Z&,p (Fo({q(t) = 0})) defined by

(13.15) n(z,t) = %(ZJF(%Q(t)))der(ﬂc,Q(t)), in Ry,
n(z,t) = 2—?@ +iq(t))d(x —iq(t)), in Ri'f_l,
n(x,t) = %—Ag(:c +1iq(t))d(z — iq(t)), in R™

satisfies I;[n] = [f, g, m];.

Injectivity of I;. Suppose that I;[n] = 0. Then there exist h** € A, and h~ € A_
such that

(13.16) vt ol+hTTol=vh" + A" =0 +h7.

As in the proof of the injectivity of I; when n = 1 (section 12), it can be shown
that the function u(x,t) defined near 0 € R™*! by

(13.17) u(z,t) = g~ (25 (2, 1) + hHE(E (2, t), i RYL
u(z,t) =ugp (27 (2, 1)) + h™ (27 (z, 1)), in R™+1

is a C'*° solution of (du —n) Aw, = 0.
We have then proved the following theorem.
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Theorem 13.1. Let w be the germ at 0 € R of a Mizohata structure with
signature n — 2. If n > 2 and [l] € D{f is a representative of w, then

HL(gm1) =~ z,.

14. THE FIRST COHOMOLOGY GROUP WHEN v =0 AND n = 2

As in the last two sections, we construct a space Wy, ;, from A4 and then show
that this new space is isomorphic to Hy, ~ (£7), where w,, p, is the germ of a

Mizohata structure at 0 € R with signature 0 and with representative [I1,ls] in
£,
For 1,1 € C®Dif fi, we define an equivalence relation in A_ x A_ x A} x Ay
by
(14.1)
H(hu kamvn) € A+ X A+ X A x A—;
(a—a)oli+holy=(B-0)+k
=(y=9)elatmol
=(6—-08)+n.

(a, 67 e 6) ~ly,la (O/a ﬂ/v 7/7 6/) —

Denote by Wi, 1, the quotient space and by [a, 5,7, 8,1, the class of (o, 8,7, 6).
The following lemma says that W, ;, depends only on the class of (I1,l) in &.

Lemma 14.1. Let l},l5 € CDif f be such that [I},15] = [l1,12] € & . Then
(142) Wl’17l’2 = Wh,lz'

Proof. Tt follows from the definition of & that there exist a,b,c € C¥ Dif f; such
that

1 =aolijoc and ly=bolsoc.
It is now easy to see that the automorphism @, . of A_ x A_ x A} x A4 defined
by
By e, B,7,8) = (oa™t,Boc,yob  §0c)
induces the isomorphism (14.2). |

Let w = wp, p, be as in (7.13) and W) , wp be as in (7.14). For j = 1,2, let

zjjE (z,s) be the (semi) first integrals of ng, as defined in section 6, and let

(14.3) Li(u) = zj' o (z]_)_l(u) = zj'(u), ueR.
Thus, [l1,12] € £ is the representative of the Mizohata structure defined by wp, ,,.

We are now going to construct an isomorphism between HL})Q1 . (€ 3) and W, 1,

Let n € Z]} (£3). From Remark 10.1, 7 is w),,,-cohomologous to a form

mezL  (Fol{a(t) = 0}) given by
(14.4) mola.trt2) = fif(z,q(0)dZE (w,q(t),  in B,

nO(wvtht?) = f;(qu(t))dzg(xvq(t)% in Ri,iv
where fljE and f2jE are C'™ functions defined near 0 in the (z, s)-plane and satisfying

(14.5) suppfif € {s >0} and suppfi C {s <0}.
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Define the smooth functions ﬂ;-t in C by

T+
1 N
LW dm =,

~ _
(14.6) 0 =5 | 3

J

where fji is the pushforward via zji of fji. Since ﬂf is holomorphic in ¢ < 0 and
+

173[ is holomorphic in I¢ > 0, then the restrictions v;

satisty

of 173[ to the real axis ¢ =0

(v, 07,05, 05 ) € AL X AL x A x Ag.
To the 1-form 7 we can then associate
I, (77) = [ ;’_7“1—70;—’ UQ_]lhlz €EWi i,

Lemma 14.2. Ifne€ B, (£?), then I, 1,(n) = 0.

1:P2

The proof is analogous to that of lemma 13.2 and is left to the reader. Thus,
11, 1, induces a homomorphism from Hj, ~ (£?) into Wy, 1,. The verification of the
bijectivity of this homomorphism can be handled in a similar fashion as that of I

in section 13. We summarize this in the following theorem.

Theorem 14.1. Letw be the germ at 0 € R? of a Mizohata structure with signature
0, and let [l1,12] be a representative of w in €. Then,

Hj}(‘c"g) = VVll,b'

15. A REMARK ON TREVES’ CONJECTURE

Let

be a C*° function defined near 0 € R"*1. Denote by L, the fiber through the point
p of the structure defined by dz, i.e.

Ly ={(z,1); 2(z,t) = 2(p)}-

Treves [Tr1] has proved that when ¢ is independent on z, the triviality of Hj (£"11)
is equivalent to the triviality of the cohomology groups H9~1(L,). When ¢ depends
on z, Cordaro and Treves have proved [CT] the necessity part of this condition.
The sufficiency part has been conjectured. Guided by the techniques we have used
to treat the Mizohata complex, we will attempt here to justify this conjecture, at
least when the separatrix of the foliation defined by dz is an analytic variety.

Let X be the characteristic set of dz in a small neighborhood U of 0, i.e.

Y ={(z,t) € U; dzNdz =0},

and let V = z71(2(X)). Suppose that V is the germ of a real analytic variety.
Denote by Wy, -+, Wy the components of U\V. By shrinking U if necessary, the
function z can be thought of as a fibration in each W;. Let L; be the generic fiber
of dz in W; and let Cy(W;) be the space of germs at 0 of C*° functions with support
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in W; and flat along V. By using the desingularization of V' and Borel’s extension
theorem, then for ¢ > 1 we can expect the following:

HI (&™) = Hi (Fo(V));
HY (Fo(V)) = @H§z<co(wi)>;

H (Co(Ws)) = HI7HLi) ® S;,

where S; denotes a space of germs of functions equivalent to the space S of Lemma
1.1. This would then mean that H} =0 when H*'(L;)=0fori=1,--- k.

[BT]

[CH]
[CT)
GGl
MT]
[Mel]
[Me2]
INT]
[Tv1]
[Tv2]
[Tx3]

[Tr4]
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