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THE MIZOHATA COMPLEX

ABDELHAMID MEZIANI

Abstract. This paper deals with the local solvability of systems of first order
linear partial differential equations defined by a germ ω at 0 ∈ Rn+1 of a C-
valued, formally integrable (ω∧dω = 0), 1-form with nondegenerate Levi form.
More precisely, the size of the obstruction to the solvability, for (q − 1)-forms
u, of the equation

du ∧ ω = η ∧ ω,
where η is a given q-form satisfying dη∧ω = 0 is estimated in terms of the De
Rham cohomology relative to ω

0. Introduction

This paper deals with the obstruction to the local solvability problem of a for-
mally integrable form (or equivalently of a system of vector fields). More precisely,
let ω be the germ at 0 ∈ Rn+1 of a C-valued smooth 1-form satisfying

ω(0) 6= 0 and dω ∧ ω = 0.(1)

Two smooth germs η and η′ of q-forms are said to be ω-equivalent if η′ = η+α∧ω
for some (q− 1)-form α. Denote by Ωqω the quotient space, i.e. Ωqω = Ωq/Ωq−1 ∧ω,
where Ωq is the space of germs of q-forms. It follows from (1) that the exterior
derivative d : Ωq −→ Ωq+1 induces a complex

0 −→ Ω0 −→ Ω1
ω −→ · · · −→ Ωnω −→ 0

whose cohomology we denote by H∗ω. It is the De Rham cohomology relative to ω.
Notice that H0

ω is the space of first integrals of ω, which is reduced to C when ω is
without integrating factor. The only two situations in which this complex is fully
understood are the real case (ω ∧ ω ≡ 0) and the elliptic case (ω ∧ ω 6= 0). In both
cases the cohomology groups Hq

ω are trivial when q ≥ 1. The planar case of a real
analytic form ω has been studied in [Me1]. Otherwise the focus has been, so far, in
finding conditions for the triviality of Hq

ω, when

ω = d(x + iφ(x, t)).(2)

This was initiated by Nirenberg and Treves in [NT]. The tube case (φ independent
on x) has been solved by Treves in [Tr1] who proved that the triviality of the
(q − 1)-th cohomology of the level sets of φ is equivalent to the triviality of Hq

ω.
Among results in this direction (when φ depends effectively on x), we would like
to mention [CH], [CT], [MT], [Tr2], [Tr3]. In particular, it is proved in [CT] that
the nontriviality of the (q − 1)-th cohomology of the level set of x+ iφ implies the
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1030 A. MEZIANI

nontriviality of Hq
ω. The converse of this (which has been proved to hold when

q = 1, [Tr2] and [MT], and in top forms [Tr3]) has been conjectured by Treves.
In this paper we give a complete description of H∗ω when the form ω defines a

Mizohata structure at 0 ∈ Rn+1 (this means that ω has nondegenerate Levi form
at 0). Our primary motivation for investigating such structures (besides the fact
that they appear next to the elliptic ones in the hierarchy of complexity) is that
these are the generic ones among all nonelliptic structures. Our basic idea here is
in the viewing of the Mizohata form ω as defining a fibration in each component
of the complement of the separatrix, V = {q(t) = 0} (defined below by (4)), of the
foliation defined by ω. More precisely, if Wi is a component of Rn+1\V , Li the
generic fiber of ω in Wi, and zi a first integral of ω in Wi, then Wi is diffeomorphic
to Li × zi(Wi). Hence the cohomology relative to ω in Wi can be expressed in
terms of the cohomology relative to dzi in the product manifold Li × zi(Wi). The
passage from the different components Wi’s to a full neighborhood of 0 ∈ Rn+1 is
done via a reduction to forms that are flat along V . This in turn is achieved thanks
to Borel’s extension theorem and the formal solvability of ω.

When ω defines a Mizohata structure, we can find coordinates (x, t1, · · · , tn) in
Rn+1 (see [Tr4]) such that ω can be written as

ω = d(x+ iq(t)) +
n∑
j=1

aj(x, t)dtj ,(3)

where

q(t) = t21 + · · ·+ t2k − t2k+1 − · · · − t2n(4)

and the aj’s are flat along t = 0. The signature of such structure is the number
ν = |n−2k|. When ν 6= |n−2|, it has been proved ([Me2]) that ω has an integrating
factor and thus can be written as

ω = d(x + iq(t)).(5)

Otherwise (when ν = |n− 2|), germs at 0 ∈ R2 of Mizohata structures can be used
to give canonical representation for ω. More precisely, if ν = |n − 2| and n > 2,
then ω can be written as

ω = dx+ i(1 + ρ(x,
√
q(t)))dq(t) in {q(t) ≥ 0} ∩ {t1 ≥ 0},(6)

ω = d(x + iq(t)) in {q(t) ≤ 0} ∪ {t1 ≥ 0},
where ρ(x, s) is a smooth function in the (x, s)-plane with support in s ≥ 0. Hence,
ω is completely determined by the two-dimensional Mizohata structure

ω0
ρ = dx+ i(1 + ρ(x, s))ds2.(7)

When ν = 0 and n = 2, then ω can be written as

ω = dx + i(1 + ρ1(x,
√
t21 − t22))d(t21 − t22) in {t21 − t22 ≥ 0} ∩ {t1 ≥ 0},(8)

ω = dx + i(1 + ρ2(x,
√
t22 − t21))d(t21 − t22) in {t21 − t22 ≤ 0} ∩ {t2 ≥ 0},

ω = d(x + i(t21 − t22)) elsewhere,

where ρ1 and ρ2 are smooth functions in the (x, s)-plane with support in s ≥ 0.
Here ω is determined by the two two-dimensional Mizohata structures

ω0
ρ1

= dx+ i(1 + ρ1)ds2 and ω0
ρ2

= dx− i(1 + ρ2)ds2.(9)
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One of the main results of this paper (theorem 11.1) is that for q ≥ 2,

Hq
ω
∼= Hq−1(Sk−1 × Sn−k−1)⊗ S if |n− 2k| 6= n;(10)

Hq
ω
∼= Hq−1(Sn−1)⊗ S if |n− 2k| = n,

where ω is the germ of a Mizohata structure with signature |n− 2k|, Sm is the m
sphere, H∗(M) is the De-Rham cohomology of the manifold M , and where

S = H1
d(x+iy)(F0({y = 0}))

(see notation in section 1). Notice that H1
ω is trivial when ν 6= |n− 2| (this results

from (5) and [Tr1]).
The study ofH1

ω for the critical signature ν = |n−2| necessitates the introduction
of new spaces built from the spaces A+ and A− of germs at 0 ∈ R of C∞ functions
that have a holomorphic extension to the upper and lower half plane, respectively.
These new spaces are built as follows. For a germ l of an increasing diffeomorphism
at 0 ∈ R, consider the equivalence relation in A− ×A− given by

(α, β) ∼ (α′, β′)⇐⇒
{

∃(h, k) ∈ A+ ×A+;

(α − α′) ◦ l + h ◦ l = (β − β′) + k.

Let Yl denote the quotient space. If ω is the germ at 0 ∈ R2 of a Mizohata structure
and the class of l in the space of Sjöstrand invariants (see [Tr4]) is a representative
of ω, we prove (Theorem 12.1) that

H1
ω
∼= Yl.(11)

For l as above, define an equivalence relation in A− ×A− ×A+ by

(α, β, γ) ∼ (α′, β′, γ′)⇐⇒


∃(h, k,m) ∈ A+ ×A+ ×A−;

(α− α′) ◦ l + h ◦ l = (β − β′) + k

= (γ − γ′) +m.

If Zl is the quotient space, ω is as in (6), and l is a representative of ω0
ρ given in

(7), then we prove (Theorem 13.1) that

H1
ω
∼= Zl.(12)

Finally, for the case ν = 0 and n = 2 and ω as in (8), we need two germs l1
and l2 representing ω0

ρ1
and ω0

ρ2
of (9). For such germs we define a relation in

A− ×A− ×A+ ×A+ by

(α, β, γ, δ) ∼ (α′, β′, γ′, δ′)⇐⇒


∃(h, k,m, n) ∈ A+ ×A+ ×A− ×A−;

(α− α′) ◦ l1 + h ◦ l1 = (β − β′) + k

= (γ − γ′) ◦ l2 +m ◦ l2
= (δ − δ′) + n.

If Wl1,l2 is the quotient space, then we prove (Theorem 14.1) that

H1
ω
∼= Wl1,l2 .(13)

The organization of this paper is as follows. Sections 1 to 5 are devoted to defi-
nitions and preparatory results. Mizohata structures as well as their classification
according to [Me2] are recalled in sections 6 and 7. The reduction to flatness along
the variety V is achieved in sections 8 and 9. Section 10 deals with the cohomology
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with support in a component of Rn+1\V . In sections 11, 12, 13, and 14, we prove,
respectively, isomorphisms (10), (11), (12) and (13). The closing section is a remark
about Treves conjecture.

1. Definitions, notation and preparatory results

We set here the notation of some C-valued function spaces that we will be dealing
with, then we define the De Rham cohomology groups relative to a formally inte-
grable form, and finally state some results whose proofs are contained in sections 2
to 5.

Let N be a C∞ manifold, A ⊂ N and p ∈ A. Denote by: E(A) the space of
germs along A of C∞ functions on N ;
F(A) the subspace of E(A) consisting of those germs that are flat along A (a

function is flat along A if it vanishes along A together with all its derivatives);
Fp(A) the space of germs at p of functions that are flat along A;
Em the space of germs at 0 ∈ Rm of C∞ functions;
C{z} the ring of convergent power series in the variable z;
K[ξ1, · · · , ξm] the ring of formal power series in ξ1, · · · , ξm with coefficients in a

ring K;
S is the quotient space obtained from the space of germs at 0 ∈ R2 of C∞

functions with compact support in the upper half plane {y ≥ 0}, by identifying two
functions f and f ′ if the function of the real variable x,∫ ∫

C

f(ζ)− f ′(ζ)
x− ζ dζ ∧ dζ,

is real analytic at 0 ∈ R.
A− the space of germs at 0 ∈ R of C∞ functions that have a holomorphic

extension to the lower half plane y < 0;
A+: the space of germs at 0 ∈ R of C∞ functions that have a holomorphic

extension to the upper half plane y > 0;
Ωq(X) the space of q-forms with coefficients in X .
The Taylor expansion of a function f(x, t) at t = 0 with respect to the group of

variables t = (t1, · · · , tm) is the formal power series

Ttf =
∑

ν∈Z+m

∂νf

∂tν
(x, 0)

tν

ν!
.

The formal expansion of a differential form with respect to t is the form obtained
by expanding the coefficients with respect to t.

Now we explain the complex defined by a formally integrable 1-form. Let ω ∈
Ω1(En+1) be such that

ω(0) 6= 0 and dω ∧ ω = 0.(1.1)

Condition (1.1) implies the existence of α ∈ Ω1(En+1) such that

dω = α ∧ ω.(1.2)

Notice however that, unlike the R-valued situation, this formal integrability does
not necessarily mean that ω has an integrating factor (see [Tr4] for details).

Let X = En+1 or X = F0(V ), where V 3 0 is a subset of Rn+1. We say that
two forms η, η′ ∈ Ωq(X) are ω-equivalent if

η ∧ ω = η′ ∧ ω,(1.3)
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or equivalently if

η′ = η + µ ∧ ω(1.4)

for some µ ∈ Ωq−1(X). Denote by Ωqω(X) the quotient space thus obtained, i.e.

Ωqω(X) =
Ωq(X)

Ωq−1(X) ∧ ω .

It follows at once from (1.2) and (1.4) that

dη′ = dη + (dµ+ (−1)q−1µ ∧ α) ∧ ω.(1.5)

Thus dη and dη′ are again ω-equivalent if η and η′ are. Therefore the exterior
derivative

d : Ωq(X) −→ Ωq+1(X)

descends to the quotient space and defines a complex

0 −→ Ω0
ω(X) = X −→ · · · −→ Ωqω(X) −→ Ωq+1

ω (X) −→ · · · −→ 0.

Denote by Hq
ω(X) the q-th cohomology group of this complex. Then,

Hq
ω(X) =

Zqω(X)

Bqω(X)
,(1.6)

where Zqω(X) and Bqω(X) are, respectively, the space of ω-closed and the space of
ω-exact q-forms and are given by

Zqω(X) = {η ∈ Ωq(X); dη ∧ ω = 0},
Bqω(X) = {η ∈ Ωq(X); ∃µ ∈ Ωq−1(X), (η − dµ) ∧ ω = 0}.

Notice that

H0
ω(X) = {f ∈ X ; df ∧ ω = 0}

is the space of first integrals (in X) of ω (which can be reduced to constants if ω
is not locally integrable), and Hn+1

ω = 0 since Ωn+1
ω = 0. The object of this paper

is the calculation of these cohomology groups when ω is the germ of a Mizohata
structure (see sections 6 and 7 for definitions).

We continue this section by stating results (proved in subsequent sections) about
some cohomology groups defined by d(x+ iy) on manifolds with boundary and for
forms flat along the boundary. For ε and δ positive, let

R+(ε, δ) = {(x, y) ∈ R2; |x| < ε, 0 ≤ y < δ}.
We have the following lemma

Lemma 1.1. Let z = x+ iy be defined in R+(ε, δ). Then

H1
d(x+iy)(F0({y = 0})) ∼= S.

Let M be an m-dimensional C∞ manifold with finite-dimensional De Rham
cohomology H∗(M). Let Y be the submanifold of M ×R+(ε, δ) given by y = 0, i.e.

Y = {(p, x, y) ∈M ×R+(ε, δ); y = 0}.(1.7)

Recall that F(Y ) denotes the space of germs along Y of C∞ functions in M ×
R+(ε, δ) that are flat along Y . Let

z : M ×R+(ε, δ) −→ C; z(p, (x, y)) = x+ iy.(1.8)
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Since the function z can be thought of as a coordinate on M × R+(ε, δ), then the
exterior derivative d induces a complex on

Ω∗dz(F(Y )) =
Ω∗(F(Y ))

Ω∗−1(F(Y )) ∧ dz .

By H∗dz(F(Y )) we denote the cohomology of this complex.

Proposition 1.1. For 1 ≤ q ≤ m, we have

Hq
dz(F(Y )) ∼= Hq−1(M)⊗H1

d(x+iy)(F0({y = 0})) ∼= Hq−1(M)⊗ S.

For every x0 ∈ (−ε, ε), consider the embedding

jx0 : M −→M ×R+(ε, δ); jx0(p) = (p, (x0, 0)).(1.9)

Let θ1, · · · , θk ∈ Ωq−1(M) be generators of Hq−1(M) and let f1(x, y), · · · , fk(x, y)
be C∞ functions in R2 with support in R+(ε, δ).

Proposition 1.2. Let

η =
k∑
ν=1

fν(x, y)θν ∧ dz.(1.10)

Suppose that

η = du mod(dz),(1.11)

where u ∈ Ωq−1(C∞(M ×R+(ε, δ))) satisfies

j∗x0
u = 0, ∀x0 ∈ (−ε, ε).

Then

fν(x, y) = 0 ∀ν = 1, · · · , k.

The last result we state here is about the cohomology with formal coefficients
and relative to a special form dF . Let p(t) be a polynomial in t = (t1, · · · , tn) with
p(0) = 0. Consider the function F in Rn+2 given by

F (x, t, s) = x+ i(s+ p(t)).(1.12)

Let Ex be the space of germs at 0 ∈ R of C∞ functions in the variable x. Recall
that

X = Ex[t, s]

is the ring of formal power series in t, s variables and with coefficients in Ex. The
exterior differentiation on Ω∗(X) again induces a complex on

Ω∗dF (X) =
Ω∗(X)

Ω∗−1(X) ∧ dF .

We denote by H∗dF (X) the corresponding cohomology. Then we have

Proposition 1.3. H0
dF (X) ∼= Ex and Hq

dF (X) = 0 if q > 0.
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2. Proof of Lemma 1.1

Let

η = a(x, y)dx+ b(x, y)dy(2.1)

where a, b are C∞ functions with support in the upper half plane y ≥ 0. The
equation

du ∧ d(x + iy) = η ∧ d(x+ iy),(2.2)

for the unknown function u flat along y = 0, is equivalent to the inhomogeneous
CR equation

∂u

∂z
= f,(2.3)

with f = ia− b. Without loss of generality, we can assume that f is 0 in the lower
half plane. Since the function

u0(z) =
1

2iπ

∫
C

f(ζ)

z − ζ dζ ∧ dζ(2.4)

is a C∞ solution of (2.3), then all C∞ solutions of (2.3) in y ≥ 0 have the form

u(z) = u0(z)− h(z),(2.5)

where h is holomorphic in y > 0 and C∞ up to the boundary. For a function u as
in (2.5) to be flat along the x-axis, it is then necessary to have

u0(x+ i0) = h(x+ i0);

i.e. u0 has to be the trace of a holomorphic function in the upper half plane. Since,
in addition, u0 is holomorphic in the lower half plane, then

u0(x) =
1

2iπ

∫
C

f(ζ)

x− ζ dζ ∧ dζ

is real analytic. The correspondence Ψ which to a germ η associates the equivalence
class of f in S depends only on the cohomology class of η and thus defines an injec-
tive map from H1

dz(F({y = 0})) into S. To show that this map is also surjective,
it is enough to notice that if f is a representative of an element in S, then Ψ maps
the cohomology class of −if(x, y)dx to the class of f . This proves the lemma

3. Proof of Proposition 1.1

We start by setting notation. If α is a q-form on M depending on parameter
z, then we will denote by αz the q-form on M obtained from α by differentiating
the coefficients with respect to z = x − iy. More precisely, if in local coordinates
τ = (τ1, · · · , τm) of M

α =
∑
|J|=q

αJ(τ, z)dτJ ,(3.1)

then

αz =
∑
|J|=q

∂αJ
∂z

(τ, z)dτJ .(3.2)

Let η be a q-form in M ×R+(ε, δ). We can write

η = η0 + η1 ∧ dz mod(dz),(3.3)
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where η0 and η1 are, respectively, q- and (q−1)-forms onM depending on parameter
z. If we denote the exterior differentiation on M by d0 and that on M × R+(ε, δ)
by d, then

dη = d0η
0 + (d0η

1 + (−1)qη0
z) ∧ dz mod(dz).(3.4)

With this notation in mind, we start the proof. Let η ∈ Zqdz(F(Y )). Then from

0 = dη ∧ dz = d0η
0 ∧ dz + (d0η

1 + (−1)qη0
z) ∧ dz ∧ dz,(3.5)

it follows at once that

d0η
0 = 0,(3.61)

d0η
1 + (−1)qη0

z = 0.(3.62)

Let σ1, · · · , σl ∈ Ωq(C∞(M)) be generators of Hq(M). It follows from (3.61) and
the dependence of the Poincaré lemma on parameters that

η0 =
l∑

ν=1

fν(x, y)σν + d0α
0,(3.7)

where α0 is a (q − 1)-form on M , depending on z and flat along Y , and where fν
is flat along y = 0 for ν = 1, · · · , l. From (3.7) and (3.62), we have

d0(η1 + (−1)qα0
z) +

∑
ν

∂fν
∂z

(z)σν = 0.(3.8)

Since the σν ’s generate Hq(M), then (3.8) holds only when

∂fν
∂z

(z) = 0, µ = 1, · · · , l.(3.9)

Since the holomorphic functions fν vanish along the x-axis, then

fν = 0, ν = 1, · · · , l.(3.10)

Let θ1, · · · , θk ∈ Ωq−1(C∞(M)) be generators of Hq−1(M). From (3.8) and (3.9)
it follows that

η1 + (−1)qα0
z =

k∑
ν=1

gν(z)θν + d0β
1,(3.11)

where β1 is a (q−2)-form on M depending on z and flat along Y , and where gν ∈ S
for all ν. We have then

η0 = d0α
0 and η1 = (−1)q−1α0

z +
∑
ν

gν(z)θν + d0β
1.(3.12)

After substituting these expressions into (3.3) we obtain

η = d(α0 + β1 ∧ dz) +
∑
ν

gν(z)θν ∧ dz mod(dz).(3.13)

Hence η is dz-cohomologous to the form

k∑
ν=1

gν(z)θν ∧ dz.(3.14)

For every ν = 1, · · · , k, let

Gν(z) =
1

2πi

∫
C

gν(µ)

z − µdµ ∧ dµ,



THE MIZOHATA COMPLEX 1037

and Hν(z) be any germ of a C∞ function, holomorphic in the upper half plane.
Then

d(
k∑
ν=1

(−1)q−1(Gν(z) +Hν(z))θν) =
k∑
ν=1

gν(z)θν ∧ dz̄ mod(dz).(3.15)

As in the proof of Lemma 1.1, the function Gν +Hν is flat along the x-axis if and
only if gν = 0. This shows that∑

ν

gν(z)θν ∧ dz ∈ Bqdz(F(Y )) =⇒ (gν = 0, ∀ν).(3.16)

The map Φ defined on Zqdz(F(Y )) by

Φ(η) =
k∑
ν=1

gν(z)θν

descends to an isomorphism from Hq
dz(F(Y )) into Hq−1(M)⊗S. The proof of the

proposition is complete.

4. Proof of Proposition 1.2

Let η and u be as in (1.10) and (1.11). Using the notation defined at the begining
of section 3, we can write

u = u0 + u1 ∧ dz mod(dz)(4.1)

and

du = d0u
0 + (d0u

1 + (−1)q−1u0
z) ∧ dz mod(dz).(4.2)

This together with (1.10), (1.11) gives

d0u
0 = 0,(4.31)

d0u
1 + (−1)q−1u0

z =
k∑
ν=1

fν(z)θν .(4.32)

From (4.31) it follows that

u0 =
k∑
ν=1

aν(z)θν + d0v
0,(4.4)

where the aν are supported in R+(ε, δ), and where v0 is a (q − 2)-form on M
depending on z and flat along Y . With this (4.32) becomes

d0(u1 + (−1)q−1v0
z) + (−1)q−1

k∑
ν=1

∂aν
∂z

(z)θν =
k∑
ν=1

fν(z)θν .(4.5)

Therefore

∂aν
∂z

(z) = (−1)q−1fν(z), ν = 1, · · · , k.(4.6)

and so

aν(z) =
(−1)q−1

2πi

∫
C

fν(µ)

z − µdµ ∧ dµ+Hν(z),(4.7)

where Hν(z) is holomorphic in the upper half plane.
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Now from (4.1) and (4.4), we can write

u =
k∑
ν=1

aν(z)θν + d0v
0 mod(dz, dz)(4.8)

from which (together with (1.11)) we obtain

j∗x0
u =

k∑
ν=1

aν(x0, 0)θν + d0(j∗x0
v0) = 0.(4.9)

Therefore

aν(x0, 0) = 0 ∀x0, ν = 1, · · · , k.(4.10)

An argument similar to that in the proof of Lemma 1.1 shows that aν = 0 and
consequently fν = 0. This proves the proposition.

5. Proof of Proposition 1.3

Consider the new variable σ = s+p(t). Hence, F = s+ iσ and Ex[t, s] = Ex[t, σ].
For η ∈ Ωq(Ex[t, σ]), q ≥ 1, we write

η = η0 + η1 ∧ dF mod(dF ),(5.1)

where η0 and η1 are q- and (q − 1)-forms in t-space with coefficients in Ex[t, σ].
Hence,

dη = d0η
0 + (d0η

1 + (−1)qη0
F

) ∧ dF mod(dF ),(5.2)

where d0 is the exterior derivative in t-space and η0
F

is the q form obtained by

differentiating the coefficients with respect to F . If η ∈ ZqdF (Ex[t, σ]), then

d0η
0 = 0,(5.31)

d0η
1 + (−1)qη0

F
= 0.(5.32)

So

η0 = d0α
0,(5.4)

where α0 is a (q − 1)-form in t-space with coefficients Ex([t, σ]). And then,

d0(η1 + (−1)qα0
F

) = 0.(5.5)

Now, if q > 1, then

η1 + (−1)qα0
F

= dβ1,(5.6)

where β1 is a (q − 2)-form in t-space with coefficients in Ex([x, σ]). Therefore,

η = d(α0 + β1 ∧ dF ) mod(dF ),(5.7)

and the proposition is proved in this case. If q = 1, then it follows from (5.5) that

η1 − α0
F

=
∑
j≥0

bj(x)σj , bj ∈ Ex.(5.8)

Let

cj(x) =

∫ x

0

bj(s)ds.(5.9)
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It follows from (5.1), (5.4), (5.8), and (5.9) that

η = d(α0 +
∑
j≥0

cj(x)σj) mod(dF )(5.10)

and the proposition is again proved here.
When q = 0, it is easily verified that if

η =
∑

J∈Z+n,j≥0

fJ,j(x)tJσj , fJ,j ∈ Ex,(5.11)

is a first integral of dF , then

fJ,j(x) = 0, if J 6= 0.

Hence,

η =
∑
j≥0

aj(x)σj , aj ∈ Ex.(5.12)

Now from dη ∧ dF = 0, we obtain

aj+1 = i
1

j + 1

daj
dx

(x) ∀j ≥ 0.(5.13)

That is,

η =
∑
j≥0

dja0

dxj
(x)

(iσ)j

j!
.(5.14)

The correspondence which to η associates a0 realizes the isomorphism between
H0
dF (Ex[t, s]) and Ex. This completes the proof of the proposition.

6. Mizohata structures in dimension 2

We recall Mizohata structures at 0 ∈ R2 and the classifying space D+
0 . For more

details we refer to [Tr4]. A Mizohata structure at 0 ∈ R2 can be thought of as the
structure defined by a form

ωρ = dx+ i(1 + ρ(x, t))dt2,(6.1)

where ρ(x, t) is a C∞ function with support in {t ≥ 0}. Notice that the function

z−(x, t) = x+ it2(6.2)

satisfies

dz− ∧ ωρ = 0 in {t ≤ 0}.
Now we prove the following lemma

Lemma 6.1. There exists a C∞ function z+ defined in a rectangle

R(ε, δ) = {(x, t) ∈ R2; |x| ≤ ε, |t| ≤ δ}
and satisfying the following conditions

(1) dz+ ∧ ωρ = 0 in R+(ε, δ), where R±(ε, δ) = R(ε, δ) ∩ {t ≥ 0 (resp. t ≤ 0)};
(2) dz+ 6= 0 in R(ε, δ);
(3) z+(x, 0) ∈ R, for |x| ≤ ε; and
(4) z+(−ε, 0) = −ε, z+(0, 0) = 0, z+(ε, 0) = ε.
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Proof. Consider the smooth form α, defined in the (x, s)-plane by

α(x, s) = dx+ i(1 + ρ(x,
√
|s|))ds.(6.3)

Since α is elliptic at 0, then there are C∞ functions f(x, s) and g(x, s) defined near
0 such that

α(x, s) = g(x, s)df(x, s).(6.4)

Consider the map

j : R2 −→ R× R+; j(x, t) = (x, t2).(6.5)

Then,

j∗α = ωρ in {t ≥ 0}.(6.6)

Thus, the function

F (x, t) = f(x, t2)

is a first integral of ωρ near 0 in {t ≥ 0}.
For ε, δ small positive numbers, let

O(ε, δ) = F (R+(ε, δ)) and S = F ([−ε, ε]× {0}).
Notice that S is a part of the boundary of O(ε, δ). By the Riemann mapping
theorem, we can find a conformal mapping

h : O(ε, δ) −→ h(O(ε, δ)) ⊂ {=z ≥ 0}
such that:

h(S) = [−ε, ε], h(F (±ε, 0)) = ±ε, and h(F (0, 0)) = 0.

The function z+ = h ◦ F satisfies condition (1)–(4) of the lemma.

Let C∞Diff+
0 be the group of germs at 0 ∈ R of increasing C∞ diffeomorphisms

of R that preserve 0 and let C$Diff+
0 be the analogue in the real analytic category.

Two elements f, g ∈ C∞Diff+
0 are said to be equivalent if there exist h, k ∈

C$Diff+
0 such that

g = h ◦ f ◦ k.(6.7)

The quotient space D+
0 (space of Sjöstrand invariants) serves as a classifying space

for the space Miz(2) of germs of Mizohata structures. The equivalence class in D+
0

of the germ of the function

l(u) = z+ ◦ (z−)−1(u) = z+(u), u ∈ R,(6.8)

represents uniquely the Mizohata structure defined by ωρ.

7. Mizohata structures in high dimensions

After recalling the classification of germ of Mizohata structures by spaces D+
0

and E+
0 as done in [Me2], we will compute the 0-th cohomology group, and close

the section by the characterisation of the leaves of a Mizohata structure.
A germ of a Mizohata structure at 0 ∈ Rn+1 can be thought of as the germ of

the structure given by by a form

ω = dx+ idq(t) +
n∑
j=1

aj(x, t)dtj ,(7.1)
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where

q(t) = t21 + · · ·+ t2k − t2k+1 − · · · − t2n, aj ∈ F0({q(t) = 0}),(7.2)

and such that

dω ∧ ω = 0.

The signature of this Mizohata structure is the signature of the quadratic form q(t),
that is, ν = |n− 2k|. It is proved in [Me2] that if ν 6= |n− 2|, then the structure is
locally integrable and then ω can be written, in a suitable system of coordinates,
as

ω = d(x + iq(t)).(7.3)

Otherwise the space D+
0 (defined in section 6) and a space E+

0 (to be described
below) can be used to classify the space Miz|n−2|(n + 1) of germs at 0 ∈ Rn+1 of
Mizohata structures with signature |n− 2|, when n > 2 and n = 2, respectively.

To explain this we start by considering the variety

V0 = {t ∈ Rn; q(t) = 0}(7.4)

(which reduces to the x-axis in the strictly pseudoconvex case, i.e. when the signa-
ture is n), and the connected components of Rn+1\R× V0. If ν 6= |n− 2|, then

Rn+1\R× V0 = Rn+1
+ ∪ Rn+1

− ,(7.5)

where

Rn+1
+ = {(x, t); q(t) > 0} and Rn+1

− = {(x, t); q(t) < 0}.(7.6)

If ν = n− 2 and n > 2, then

Rn+1\R× V0 = Rn+1
+,+ ∪ Rn+1

+,− ∪ Rn+1
− ,(7.7)

where

Rn+1
+,+ = {q(t) > 0, t1 > 0}, Rn+1

+,− = {q(t) > 0, t1 < 0}, and

Rn+1
− = {q(t) < 0}.

(7.8)

If ν = 0 and n = 2, then

Rn+1\R× V0 = R3
+,+ ∪ R3

+,− ∪ R3
−,+ ∪ R3

−,−,(7.9)

where

R3
+,+ = {t21 − t22 > 0, t1 > 0}, R3

+,− = {t21 − t22 > 0, t1 < 0},(7.10)

R3
−,+ = {t21 − t22 < 0, t2 > 0}, R3

−,− = {t21 − t22 < 0, t2 < 0}.

Case ν = n− 2 and n > 2. There exist coordinates (x, t1, · · · , tn) and a function
ρ(x, s) defined in the (x, s)-plane with support in s ≥ 0 such that{

ω= ωρ = dx+ i(1 + ρ(x,
√
q(t)))dq(t), in Rn+1

+,+,

ω= ωρ = dx+ idq(t), in Rn+1
+,− ∪Rn+1

−
.(7.11)

The two-dimensional Mizohata structure defined in the (x, s)-plane by

ω0
ρ = dx+ i(1 + ρ(x, s))ds2(7.12)

determines ωρ in Rn+1. Let z± be (semi) first integrals (in half planes) of ω0
ρ as

defined in section 6 and let l = z+◦(z−)−1. The class of l in D+
0 is the representative

of ω0
ρ and also that of ωρ.
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Remark 7.1. The roles of Rn+1
+,+ and Rn+1

+,− can be switched in (7.11); i.e., one can

find a first integral of ω in Rn+1
+,+ ∪ Rn+1

− .

Case ν = 0 and n = 2. In this situation, we can find coordinates (x, t1, t2) and
functions ρ1, ρ2 defined in the (x, s)-plane with support in s ≥ 0 such that


ω= ωρ1,ρ2 = dx+ i(1 + ρ1(x,

√
t21 − t22))d(t21 − t22), in R3

+,+,

ω= ωρ1,ρ2 = dx+ i(1 + ρ2(x,
√
t22 − t21))d(t21 − t22), in R3

−,+,
ω= ωρ1,ρ2 = d(x + i(t21 − t22)), in R3

+,− ∪ R3
−,−.

(7.13)

The form ω = ωρ1,ρ2 in R3 is then determined by the two two-dimensional Mizohata
structures ω0

ρ1
and ω0

ρ2
given in the (x, s)-plane by

ω0
ρ1

= dx + i(1 + ρ1(x, s))ds2,

ω0
ρ2

= dx− i(1 + ρ2(x, s))ds2.
(7.14)

For j = 1, 2, let z±j be the integrals of ω0
ρj as defined in section 6 and let lj =

z+
j ◦ (z−j )−1.

Remark 7.2. One can find a first integral for ω in the union of a component of
q(t) > 0 and a component of q(t) < 0. Hence, in the expression (7.13), the role of
R3
±,+ can be switched with that of R3

±,−.

Now we proceed to define the classifying space E+
0 . In C∞Diff+

0 ×C∞Diff+
0 ,

we define an equivalence relation by:

(f, g) ∼ (f ′, g′) ⇐⇒
{

∃a, b, c ∈ C$Diff+
0 ;

f ′ = a ◦ f ◦ c and g′ = b ◦ g ◦ c.
(7.15)

It is proved in [Me2] that the quotient, E+
0 , thus obtained is in one to one corre-

spondence with the space of Mizohata structures at 0 ∈ R3 with signature 0. A
representative for ωρ1,ρ2 , as in (7.13), is given by the class of (l1, l2) in E+

0 .
We summarize this discussion as follows. A germ of a Mizohata structure at

0 ∈ Rn+1 with signature ν is given by (7.3) if ν 6= |n − 2|; by (7.11) if ν = n − 2
and n > 2; and by (7.13) if ν = 0 and n = 2.

For the description of H0
ω, we need to recall the principle of constancy along the

fibers (see [BT] or [Tr4]). If z is a first integral of a 1 -form ω in a neighborhood O
of a point p with dz(p) 6= 0, then for any other C∞ first integral f in O there exist
an open set U 3 p, U ⊂ O, and a C∞ function h defined in z(U), holomorphic in
the interior of z(U), such that

f = h ◦ z in U.(7.16)

From this principle, we can deduce the following for a Mizohata structure:

(1) ν 6= |n− 2|. Then

H0
ω(En+1) ∼=

{
C{t}, if ν 6= n,

A+, if ν = n.
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(2) ν = |n− 2| and n 6= 2. Let [l] ∈ D+
0 be a representative of ω.

If [l] = [identity], then

{
H0
ω(En+1) ∼= C{z}, if n > 2,

H0
ω(E1) ∼= A+, if n = 1;

if [l] 6= [identity], then H0
ω(En+1) ∼= C.

(3) ν = 0 and n = 2. Let [l1, l2] ∈ E+
0 be a representative of ω.

If [l1, l2] = [id, id], then H0
ω(E3) ∼= C{z};

if [l1, l2] 6= [id, id], then H0
ω(E3) ∼= C.

We close this section with the topological description of V0 (given by (7.4)) and
of the leaves of ω. Let

V + = {t ∈ Rn; q(t) > 0} and V − = {t ∈ Rn; q(t) < 0}.(7.17)

Define Σ0, Σ+, and Σ− as

Σ0 = V0 ∩ Sn−1, and Σ± = V ± ∩ Sn−1,(7.18)

where Sn−1 = {t ∈ Rn; |t| = 1} is the (n− 1) sphere. Denote by Bm the unit ball
in Rm.

Lemma 7.1. Assume that ν 6= n. Then we have the following isomorphisms:

Σ0 ∼= Sk−1 × Sn−k−1, Σ+ ∼= Sk−1 ×Bn−k, and Σ− ∼= Bk × Sn−k−1.

Proof. A point θ = (θ1, · · · , θn) ∈ Sn−1 will be written as θ = (θ′, θ′′), where θ′ =
(θ1, · · · , θk) and θ′′ = (θk+1, · · · , θn). It is then easily verified that the following
are diffeomorphisms:

φ0 :Sk−1 × Sn−k−1 −→ Σ0; φ0(α, β) =
1√
2

(α, β),(7.19)

φ+ :Sk−1 ×Bn−k −→ Σ+; φ+(α, τ) =
1√
2

(
√

2− |τ |2α, τ),(7.20)

φ− :Bk × Sn−k−1 −→ Σ−; φ−(σ, β) =
1√
2

(σ,
√

1− |σ|2β).(7.21)

8. Reduction to flatness along the x-axis

We prove here that an ω-closed form is ω-cohomologous to a form flat along the
x-axis. More precisely,

Proposition 8.1. Suppose that ω defines a Mizohata structure. Then for every
η ∈ Zqω(En+1) there exists u ∈ Ωq−1(En+1) such that

η − du ∈ Zqω(F0({t = 0})).

Proof. First assume that ω is locally integrable, i.e.,

ω = d(x + iq(t)).

Then from

dη ∧ ω = 0

it follows that

dη = η1 ∧ ω,
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for some η1 ∈ Ωq(En+1). By taking the exterior derivative we see that η1 ∈
Zqω(En+1), and so there exists η2 ∈ Ωq(En+1) such that

dη1 = η2 ∧ ω.
The continuation of this process generates a sequence {ηj}j≥0 ⊂ Ωq(En+1) (with
η0 = η) such that

dηj = ηj+1 ∧ ω(8.1)

(this is known as a Godbillon-Vey sequence associated with ω). Now we define a
formal q-form α in the (x, t, s)-space (where s is real) by

α =
∞∑
j=0

ηj
(is)j

j!
.(8.2)

From (8.1), we easily derive

dα =

∑
j≥0

ηj+1
(is)j

j!

 ∧ d(x+ i(q(t) + s)).(8.3)

Thus,

dα ∧ d(x + i(q(t) + s)) = 0.(8.4)

Consider the formal expansion of the ηj ’s with respect to t, and the formal expansion
of α with respect to t and s, i.e.

Ttηj =
∑

r∈(Z+)n

ηrj t
r,(8.5)

Tt,sα =
∑

j≥0, r∈(Z+)n

ηrj
tr(is)j

j!
.(8.6)

(ηrj is a q-form with coefficients depending only on x.) It follows from (8.4) that

Tt,sα ∈ Zqd(x+i(q(t)+s))(Ex[t, s]).
From Proposition 1.3, we can find

β̂ ∈ Ωq−1(Ex[t, s])
such that

(Tt,sα− dβ̂) ∧ d(x + i(q(t) + s)) = 0.(8.6)

By Borel’s extension theorem (see [GG] for example), we can find β ∈ Ωq−1(En+2)
such that

Tt,sβ = β̂.(8.7)

Substituting this into (8.6), we get

Tt,s(α− dβ) ∧ d(x + i(q(t) + s)) = 0.(8.8)

Let β0 be the pullback of β to the subspace s = 0. Since the pullback of α is η0 = η,
then it follows from (8.8) that

Tt(η − dβ0) ∧ d(x + iq(t)) = 0,(8.9)

which means η − dβ0 ∈ Zqω(F0({t = 0})), and the proposition is proved in this
case.
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When ω is not locally integrable (which might happen when ν = |n−2|) we know
from section 7 that ω coincides with d(x + iq(t)) in components of Rn+1\R × V0.
The existence of the sequence ηj is then guaranteed in those components and the
rest of the proof can be continued verbatim.

9. Reduction to flatness along R× V0

We prove here that for a Mizohata structure given by ω, the ω-closed forms are
ω-cohomologous to forms flat along the separatrix. More precisely, we have the
following

Proposition 9.1. Let η ∈ Zqω(En+1) with q ≥ 1. Then there exists u ∈ Ωq−1(En+1

such that

η − du ∈ Zqω(F0({q(t) = 0})).

Since the case ν = n is contained in Proposition 8.1, we will assume that ν 6= n.
The idea of the proof is to use the desingularization of the variety V 0 to construct
a manifold in which the pullback of q(t) can be considered as a coordinate y. Then
expansion with respect to y together with Borel’s extension theorem will allow the
reduction to forms that are flat along y = 0 and so, after pushforward, to forms
that are flat along q(t) = 0. The remainder of this section gives the details of this.

We start with the case ν 6= |n− 2| (and so ω = d(x+ iq)). Let

Π1 : R× R+ × Sn−1 −→ R× Rn; Π1(x, r, θ) = (x, rθ).(9.1)

Note that if η ∈ Ωq(En+1), then its pullback

η1 = Π∗1η(9.2)

is the germ of a q-form along

{0} × {0} × Sn−1 ⊂ R× R+ × Sn−1.

Let q0 be the restriction to the sphere Sn−1 of the quadratic form q(t) and let

∆0 = Π−1
1 (R× V0\R× {0}) ∩ R× {0} × Sn−1

= {(x, r, θ) ∈ R× R+ × Sn−1; r = 0 and q0(θ) = 0} and

∆± = Π−1
1 (R× V ±\R× {0}) ∩ R× {0} × Sn−1

= {(x, r, θ) ∈ R× R+ × Sn−1; r = 0 and q0(θ) ≥ 0 (resp. ≤ 0)}.
Hence,

∆0 = R× {0} × Σ0 ∼= R× Sk−1 × Sn−k−1;(9.3)

∆+ = R× {0} × Σ
+ ∼= R× Sk−1 ×Bn−k;

∆− = R× {0} × Σ
− ∼= R×Bk × Sn−k−1.

Let a > 0 be small enough so that the tubular neighborhood

Ua = q−1
0 ((−a, a))

of Σ0 in Sn−1 is diffeomorphic to Σ0 × (−a, a). Let

Ψ1 : Σ0 × (−a, a) −→ Ua; Ψ1((θ′, θ′′), s) = (
√
s+ 1θ′,

√
1− sθ′′).(9.4)
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Notice that

q0 ◦Ψ1((θ′, θ′′), s) = s.(9.5)

Let

Π2 : R× R+ × Σ0 × (−a, a) −→ R× R+ × Ua;

Π2(x, r, (θ′, θ′′), s) = (x, r,Ψ1((θ′, θ′′), s)).
(9.6)

Note that if η1 is a form in R× R+ × Ua, flat along r = 0, then its pullback

η2 = Π∗2η1(9.7)

defined in R× R+ × Σ0 × (−a, a) is flat along r = 0. Note also that

Π∗2(Π∗1d(x+ iq(t))) = d(x+ ir2s).(9.8)

Let

Ψ2 : R+ × R −→ R+ × R;

Ψ(r, s) = (u, y) with

{
u = r,

y = r2s.

(9.9)

Notice that Ψ−1
2 (u, y) = (u,

y

u2
) is a homeomorphism away from u = 0.

Remark 9.1. If f(r, s) is the germ at 0 ∈ R+×R of a C∞ function, flat along r = 0,
then its pullback via Ψ−1

2 ,

(Ψ−1
2 )∗f (u, y) = f(u,

y

u2
),

can be extended as a C∞ function to a full neighborhood of 0 in the (u, y)-plane.
Moreover this extension can be taken to be flat along the y-axis.

Let

Π3 : R× R+ × [−a, a]× Σ0 −→ R× R2 × Σ0,

Π3(x, r, s, θ) = (x,Ψ2(r, s), θ).
(9.10)

For δ and ε small positive numbers, define

R(δ, a) = [0, δ]× [−a, a],

A(δ, a, ε) = Π3([−ε, ε]×R(δ, a)× Σ0)

= [−ε, ε]×Ψ2(R(δ, a))× Σ0.

(9.11)

It follows from Remark 9.1 that if η2 is a C∞ form defined in a neighborhood of

{0} × {0} × {0} × Σ0 ⊂ R× R+ × [−a, a]× Σ0

and flat along r = 0, then its pullback

η3 = (Π−1
3 )∗η2,(9.12)

which is defined in a neighborhood of

{0} × {0} × Σ0 ⊂ A(δ, a, ε),

can be extended as a C∞ form to a full neighborhood of

{0} × {0} × Σ0 ⊂ R× R2 × Σ0.
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Moreover this extension η̃3 of η3 can be taken to be flat along u = 0. Notice that

dz = (Π−1
3 )∗(Π∗2(Π∗1d(x + iq(t)))) = d(x + iy).(9.13)

With all of this in mind, choose η ∈ Zqω(En+1). From proposition 8.1, we can
assume that η ∈ Zqω(F0({t = 0})). Then, η1 = Π∗1η is flat along r = 0, η2 = Π∗2η1

is flat along r = 0, and η̃3 = ˜(Π−1
3 )∗η2 is flat along u = 0. Moreover, since η is

ω-closed, then

dη̃3 ∧ d(x+ iy) = 0 in A(δ, a, ε).(9.14)

Note that (9.14) may not hold in a full neighborhood of {0}×{0}×Σ0 in R×R2×Σ0.
Let

Ty η̃3 =
∑
j≥0

ηj3y
j(9.15)

be the expansion of η̃3 with respect to the variable y. Each ηj3 is then a q-form with
coefficients independent on y and flat along u = 0. We have

d(Tyη̃3) =
∑
j≥0

{dηj3 +
i

2
(j + 1)ηj+1

3 ∧ dz}yj mod(dz).(9.16)

We write

ηj3 = Aj +Bj ∧ dz + Cj ∧ du+Dj ∧ dz ∧ du mod(dz),(9.17)

where Aj , Bj , Cj , and Dj are forms on Σ0 with respective degrees q, q − 1, q − 1,
and q − 2, depending on parameter (x, u) and flat along u = 0.

For a q-form α on Σ0 depending on (x, u) we adopt the following notation: d0 will
be the exterior derivative on Σ0, αu and αz will be the q-forms on Σ0 obtained from
α by differentiating the coefficients with respect to u and z, respectively. When α
is considered as a q-form on R× R2 × Σ0, then

dα = d0α+ (−1)qαz ∧ dz + (−1)qαu ∧ du mod(dz).

With this, we obtain from (9.17)

dηj3 = d0A
j + (d0B

j + (−1)qAjz) ∧ dz + (d0C
j + (−1)qAju) ∧ du

+ (d0D
j + (−1)qBju + (−1)q−1Cjz) ∧ dz ∧ du mod(dz).

(9.18)

Since,

ηj+1
3 ∧ dz = Aj+1 ∧ dz − Cj+1 ∧ dz ∧ du mod(dz),(9.19)

then

dηj3 +
i

2
(−1)q(j + 1)ηj+1

3 ∧ dz = d0A
j + (d0C

j + (−1)qAju) ∧ du

+(d0B
j + (−1)qAjz + (−1)q

i

2
(j + 1)Aj+1) ∧ dz

+(d0D
j + (−1)qBju + (−1)q−1Cjz − (−1)q

i

2
(j + 1)Cj+1) ∧ dz ∧ du mod(dz).

(9.20)
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Now it follows from (9.14), (9.16) and (9.20) that

d0A
j = 0,(9.211)

d0B
j + (−1)qAjz + (−1)q

i

2
(j + 1)Aj+1 = 0,(9.212)

d0C
j + (−1)qAju = 0,(9.213)

d0D
j + (−1)qBju + (−1)q−1Cjz − (−1)q

i

2
(j + 1)Cj+1 = 0.(9.214)

Let π1, π2, · · · be generators of Hq(Σ0). From (9.211) we get

Aj =
∑
l

ajl (x, u)πl + d0α
j ,(9.22)

where αj is a (q − 1)-form on Σ0, flat along u = 0, and where the ajl ’s are C∞

functions of x, u and flat along u = 0. With this, (9.213) becomes

d0(Cj + (−1)qαju) + (−1)q
∑
l

∂ajl
∂u

πl = 0.(9.23)

Hence,

∂ajl
∂u

= 0 and d0(Cj + (−1)qαju) = 0,(9.24)

from which it follows at once that

ajl (x, u) = 0(9.25)

(since ajl (x, 0) = 0) and that

Cj + (−1)qαju =
∑
l

gjl (x, u)δl + d0γ
j ,(9.26)

where the δl’s are generators of Hq−1(Σ0), gjl (x, u) smooth functions flat along
u = 0, and γj a (q − 2)-form on Σ0 flat along u = 0. With (9.25) and (9.22), we
can rewrite (9.212) as

d0(Bj + (−1)qαjz + (−1)q
i

2
(j + 1)αj+1) = 0

and then

Bj + (−1)qαjz +
i

2
(j + 1)αj+1 =

∑
l

f jl (x, u)δl + d0β
j ,(9.27)

where βj is a (q − 2)-form on Σ0, flat along u = 0, and where the f jl ’s are smooth
functions of (x, u) and flat along u = 0. With (9.22), (9.25), (9.26) and (9.27), the
expression in (9.214) becomes

d0(Dj + (−1)qβju + (−1)q−1γjz − (−1)q
i

2
(j + 1)γj+1)

= (−1)q−1
∑
l

(
∂f jl
∂u
− ∂gjl

∂z
− i

2
(j + 1)gj+1

l

)
δl.

(9.28)
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Therefore,

∂f jl
∂u
− ∂gjl

∂z
− i

2
(j + 1)gj+1

l = 0,(9.29)

d0(Dj + (−1)qβju + (−1)q−1γjz − (−1)q
i

2
(j + 1)γj+1) = 0.(9.30)

Thus,

Dj + (−1)q(βju − γ
j
z −

i

2
(j + 1)γj+1) =

∑
l

mj
l (x, u)τl + dµj ,(9.31)

where the τl’s are generators of Hq−2(Σ0), the mj
l are smooth functions flat along

u = 0, and µj a (q − 3)-form on Σ0 flat along u = 0. Let

σj = αj + βj ∧ dz + γj ∧ du+
∑
l

(

∫ u

0

mj
l (x, s)ds)τl + µj .(9.32)

Then, it follows from (9.32), (9.31), (9.27), (9.25), (9.22), and (9.17) that

ηj3 = dσj + (−1)q−1 i

2
(j + 1)αj+1 ∧ dz + (−1)q

i

2
(j + 1)γj+1 ∧ dz ∧ du

+(−1)q−1
∑
l

(f jl (x, u)dz + gjl (x, u)du) ∧ δl.
(9.33)

For every j and l, define a function ρjl (x, u) (flat along u = 0) by

ρjl (x, u) =

∫ u

0

gjl (x, s)ds.(9.34)

It follows from (9.29) and (9.34) that

dρjl = f jl (x, u)dz + gjl (x, u)du− i

2
(j + 1)ρj+1

l (x, u)dz mod(dz).(9.35)

Define the formal (q − 1)-form φ̂, with coefficients flat along u = 0, by

φ̂ =
∑
j≥0

{σj +
∑
l

ρjl (x, u)δl}yj.(9.36)

It is verified at once that

dφ̂ = Tyη̃3 mod(dz).(9.37)

Let φ be a smooth (q − 1)-form such that

Tyφ = φ̂.(9.38)

Notice that φ is necessarily flat along u = 0 and that

(η̃3 − dφ) ∧ d(x+ iy) is flat along uy = 0.(9.39)

Now ψ = (Π−1
2 )∗Π∗3φ is a C∞ form flat along r = 0 in R × R+ × Ua. We can

extended it as a C∞ form ψ̃ to a full neighborhood of

{0} × {0} × Sn−1 ⊂ R× R+ × Sn−1

in such a way that it is flat along Π−1
1 (R× {0}). Hence,

f = (Π−1
1 )∗ψ̃(9.40)
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is a smooth (q − 1)-form defined in a neighborhood of 0 ∈ Rn+1. Moreover, it
follows from (9.39) that

(η − df) ∧ ω ∈ Ωq(F0({q(t) = 0})).(9.41)

The proposition is proved in this case.
The case ν = n−2, n > 2, can be handled in an analogous way with the following

modifications. Each ∆0 and Ua has now 2 components ∆0
+, ∆0

− and Ua,+, Ua,−,
respectively, and

Π1(R× R+ × Ua,+) ⊂ {t1 ≥ 0} and Π1(R× R+ × Ua,−) ⊂ {t1 ≤ 0}.
Using remark 7.1 we can assume

Π∗1ω = d(x+ ir2q0(θ)) in R× R+ × Ua,+ or in R× R+ × Ua,−.
The same argument as that in the previous case yields (q − 1)-forms ψ± in R ×
R+ × Ua,± flat along r = 0, such that

(η − dψ±) ∧Π∗1ω is flat along R× R+ ×∆0
±.

Now the forms ψ± can be extended as forms ψ̃± defined in a full neighborhood of

{0} × {0} × Sn−1 ⊂ R× R+ × Sn−1

and flat along r = 0 and along R× R+ ×∆0
∓. If we define f as

f = (Π−1
1 )∗(ψ̃+ + ψ̃−) ∈ Ωq−1(F0({t = 0})),

then

(η − df) ∧ ω ∈ Ωq(F0({q(t) = 0})).
The proposition is again proved in this situation.

The last case ν = 0 and n = 2 can be dealt with in a similar way.

10. Cohomology with support in a wedge

We consider here the cohomology groups obtained when the forms have support
in the components of Rn+1\R× V0.

Let ω be a form defining a germ of a Mizohata structure and given by the
canonical expression (7.11) or (7.13) of section 7. Let W1,W2, · · · be the connected
components of Rn+1\R × V0. For each i, let C0(Wi) be the space of germs at
0 ∈ Rn+1 of C∞ functions with support in Wi and flat along R× V0, i.e.

C0(Wi) = {f ∈ En+1; f = 0 in Rn+1\Wi} ∩ F0({q(t) = 0}).(10.1)

We can assume (remarks 7.1 and 7.2) that

ω = d(x+ iq(t)) in Wi.(10.2)

Let Li be a (generic) leaf of ω in Wi (Li is a level set of x+ iq(t)). Note that when
the signature is n there is only one Wi and the leaves are diffeomorphic to Sn−1.
Otherwise, Li is diffeomorphic to a component of Σ+ or to a component of Σ−,
depending whether Wi is a component of q(t) > 0 or a component of q(t) < 0. We
have the following

Proposition 10.1. For q ≥ 1 we have

Hq
ω(C0(Wi)) ∼= Hq−1(Li)⊗ S.
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Proof. Since the proof is similar in all cases, we assume that ν 6= |n − 2| and
Wi = Rn+1

+ . In this case

Li ∼= Sk−1 ×Bn−k.

The idea of the proof is to construct a manifold M such that

D : M × (−ε, ε)× (0, δ) −→ Wi is a diffeomorphism;

Hq(M) = Hq(Li) ∀q;
D∗ω = d(x+ iy); and

Hq
ω(C0(Wi)) ∼= Hq

d(x+iy)(F(y = 0)).

Proposition 1.1 would then give the desired result.
First we construct a special map in the plane that sends

([0, 1]× {0}) ∪ ({1} × [0, ε]) onto [0, 1 + ε]× {0}

and has additional properties which we list later. Consider the C∞ function χ(ρ)
of the single variable ρ defined by

χ(ρ) = 1 for ρ ≤ 1

3
;

χ(ρ) = 0 for ρ ≥ 2

3
;

0 ≤ χ(ρ) ≤ 1 and |χ′(ρ)| < 1 ∀ρ.

(10.3)

Define the C∞ function u(ρ, r) in the rectangle 0 ≤ ρ ≤ 1, 0 ≤ r ≤ 1

2
by

u(ρ, r) = ρχ(ρ) +

ρ− 2

3
1− r +

2

3

 (1− χ(ρ)).(10.4)

Notice that

u(ρ, 0) = ρ ∀ρ ∈ [0, 1].(10.5)

Let δ and ε be small positive numbers and letO(δ, ε) be the closed set in [0, 1]×[0,
1

2
]

bounded by the curves

ρ = 0, r = 0, ρ = 1, r2(1− ρ2) = δ, and
ρ− 2

3
1− r +

2

3
= 1 + ε.(10.6)

For u(ρ, r) as in (10.4), consider the C∞ map

ψδ,ε : O(δ, ε) −→ [0, 1 + ε]× [0, δ];

ψδ,ε(ρ, r) = (u, y) with

{
u = u(ρ, r),

y = r2(1− ρ2).

(10.7)
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It is easy to verifiy that

(a) ψδ,ε is a homeomorphism;

(b) ψδ,ε(ρ, r) = (ρ, r2(1− ρ2)) when ρ ≤ 1

3
;

(c) ψδ,ε(ρ, 0) = (ρ, 0);

(d) ψδ,ε(1, r) = (
3− 2r

3(1− r) , 0);

(e) ψδ,ε(0, r) = (0, r2);

(f) ψδ,ε : Interior(O(δ, ε)) −→ (0, 1 + ε)× (0, δ) is a diffeomorphism.

Furthermore the map ψδ,ε
−1 extends as a C∞ map on the side y = 0, except at the

point (u = 1, y = 0).
Now we construct a sequence of maps that will define the manifold M . Let

Π1 : R× R+ × Sn−1 −→ R× Rn; Π1(x, r, θ) = (x, rθ).(10.8)

We have

Π−1
1 (Wi) = R× R+ × Σ+.(10.9)

Let φ+ be the diffeomorphism defined in (7.20) and let

Φ+ : R× R+ × Sk−1 ×Bn−k −→ R× R+ × Σ+;

Φ+(x, r, θ, τ) = (x, r, φ+(θ, τ)) = (x, r,
1√
2

√
2− |τ |2θ, 1√

2
τ).

(10.10)

We have

(Φ+)∗(Π∗1d(x+ iq(t))) = d(x+ ir2(1− |τ |2)).(10.11)

Let

c : Sn−k−1 × [0, 1] −→ Bn−k; c(α, ρ) = ρα(10.12)

and let

C : R× Sk−1 × Sn−k−1 × [0, 1]× R+ −→ R× Sk−1 ×Bn−k × R+;

C(x, θ, α, ρ, r) = (x, θ, c(α, ρ), r) = (x, θ, ρα, r).
(10.13)

Note that

C∗((Φ+)∗(Π∗1d(x+ iq(t)))) = d(x+ ir2(1− ρ2))(10.14)

does not depend on α and θ. For O(δ, ε) and ψδ,ε as above, define

Ψδ,ε : R× Sk−1 × Sn−k−1 ×O(δ, ε) −→ R× Sk−1 × Sn−k−1 × [0, 1 + ε]× [0, δ];

Ψδ,ε(x, θ, α, (ρ, r)) = (x, θ, α, ψδ,ε(ρ, r)).

(10.15)

Thus,

Ψ∗δ,εd(x+ ir2(1− ρ2)) = d(x+ iy).(10.16)

Let

c1+ε : Sn−k−1 × [0, 1 + ε] −→ Bn−k(1 + ε); c1+ε(α, ρ) = ρα,
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where Bn−k(1 + ε) is the ball with radius 1 + ε in Rn+1, and let

Fδ,ε : R× Sk−1 × Sn−k−1 × [0, 1 + ε]× [0, δ](10.17)

−→ R× Sk−1 ×Bn−k(1 + ε)× [0, δ];

Fδ,ε(x, θ, α, u, y) = (x, θ, c1+ε(α, u), y).

Now we define the manifold M as

M = Sk−1 ×Bn−k(1 + ε)(10.18)

and the diffeomorphism D as

D = Π1 ◦ Φ+ ◦ C ◦Ψ−1
δ,ε ◦ F

−1
δ,ε .(10.19)

Then,

Hq(M) ∼= Hq(Sk−1) ∼= Hq(Li)

and all the conditions stated at the begining of the proof hold. Let Y be the
submanifold of M × R× [0, δ] given by y = 0, i.e.,

Y = {(p, x, y) ∈M × R× [0, δ]; y = 0}.(10.20)

Now, it is not difficult to see that if f ∈ C0(Wi), then f◦D ∈ F(Y ) and if g ∈ F(Y ),
then g ◦ D−1 extends (by 0) as an element of C0(Wi). It follows from all of this
that

Hq
ω(C0(Wi)) ∼= Hq

d(x+iy)(F(Y )) ∼= Hq−1(Sk−1)⊗ S.(10.21)

The proposition is therefore proved in this case.
When Wi = Rn+1

− , a similar argument would give

Hq
ω(C0(Wi)) ∼= Hq−1(Sn−k−1)⊗ S′,

where the space S′ is defined in an analogous way as S (replace y ≥ 0 in the
definition of S by y ≤ 0). But since S′ ∼ S, then S′ can be replaced by S in this
last isomorphism.

We conclude this section by proving the following proposition and a remark
about a canonical representation of 1-cocycles.

Proposition 10.2. Let η ∈ Zqω(C0(Wi)) with q > 1. If there exists µ ∈ Ωq−1(En+1)
such that

η = dµ mod(ω) in Wi,(10.22)

then µ ∈ Ωq−1(F0({q(t) = 0})).

Proof. Let M and D be as defined in (10.18) and (10.19). Let

η̃ = D∗η and µ̃ = D∗µ.(10.23)

As noticed above η̃ is flat along Y . Now D is C∞ except at the points (x, θ, uα, y)
for which u = 1. In particular µ̃ is C∞ in a neighborhood of

{0} × Sk−1 ×Bn−k × {0} ⊂ R× Sk−1 ×Bn−k × [0, δ].

Next, if θ is a generator of Hq−1(Sk−1 ×Bn−k), then it follows from (3.14) that

η̃ = f(x, y)θ ∧ d(x− iy) + dµ0 mod(d(x+ iy)),(10.24)
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with f flat along y = 0 and µ0 a (q − 1)-form flat along y = 0. If jx0 is the
embedding defined in (1.9), then D ◦ jx0(p) = (x0, 0) is a constant map. Thus

j∗x0
µ̃ = (D ◦ jx0)∗µ = 0 ∀x0(10.25)

since µ is a (q − 1)-form with q − 1 > 0. Therefore, it follows from Proposition 1.2
that f = 0 and µ̃ is flat along y = 0. Consequently µ is flat along q(t) = 0. This
completes the proof.

Remark 10.1. For η ∈ Z1
ω(F0({q(t) = 0})), let ηi be its restriction to Wi. Expres-

sion (10.24) is still valid in this case (q = 1). This means that η is ω-cohomologous
to a form η0 defined by

η0 = fi(x, q(t))dzi(x, q(t)) in Wi,(10.26)

where zi is a first integral of ω in Wi and the function fi(x, s) is flat along the
x-axis s = 0.

11. High order cohomology groups

We characterize here the cohomology groups Hq
ω when q > 1.

Theorem 11.1. Let ω be the germ at 0 ∈ Rn+1 of a Mizohata structure with
signature ν. Then for q > 1 we have

Hq
ω(En+1) ∼= Hq−1(Sk−1 × Sn−k−1)⊗ S if ν 6= n,(11.1)

Hq
ω(En+1) ∼= Hq−1(Sn−1)⊗ S if ν = n.(11.2)

Proof. Let η ∈ Zqω(En+1). From Proposition 9.1, we can write

η = dµ+ η0 mod(ω),(11.3)

where µ ∈ Ωq−1(En+1) and η0 ∈ Zqω(F0({q(t) = 0})). Define

η0
i =

{
η0 in Wi,

0 in Rn+1\Wi,
(11.4)

where, as in section 10, the Wi’s denote the components of Rn+1\R× V0. We have
then

η0 =
∑
i

η0
i .(11.5)

It follows from Proposition 10.2 that

η0
i ∈ Bqω(En+1) =⇒ η0

i ∈ Bqω(C0(Wi)).(11.6)

Now, it is easy to see that the correspondence

Hq
ω(En+1) −→

⊕
i

Hq
ω(C0(Wi));

[η] −→
∑
i

[η0
i ]

(11.7)

is an isomorphism. This together with 10.1 gives

Hq
ω(En+1) ∼=

⊕
i

(
Hq−1(Li)⊗ S

)
.(11.8)
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Finally, since the Li’s are diffeomorphic to the components of

Σ+ = Sk−1 ×Bn−k and Σ− = Bk × Sn−k−1,

when ν 6= n, and to Sn−1 when ν = n, (11.1) and (11.2) follow.

12. The first cohomology group in dimension two

We construct an isomorphism between the first cohomology group relative to a
Mizohata structure in the plane and a space Yl defined below.

Recall that A+ (resp A−) denotes the space of germ at 0 ∈ R of C∞ functions
that have a holomorphic extension to the upper (resp. lower) half plane. For
l ∈ C∞Diff+

0 , we define an equivalence relation ∼l on A− ×A− by

(f, g) ∼l (f ′, g′) ⇐⇒ (∃h, k ∈ A+; (f − f ′) ◦ l + h ◦ l = (g − g′) + k) .(12.1)

Denote by Yl the quotient space and by [f, g]l the class of (f, g). The following
lemma says that Yl depends only on the class [l] of l in D+

0 (see section 6).

Lemma 12.1. If l′ ∈ C∞Diff+
0 is such that [l′] = [l] in D+

0 , then

Yl′ ∼= Yl.(12.2)

Proof. If [l′] = [l], then there exist a, b,∈ C$Diff+
0 such that l′ = a ◦ l ◦ b. The

automorphism

Φa,b : A− ×A− −→ A− ×A−; Φa,b(f, g) = (f ◦ a−1, g ◦ b)
is then easily seen to satisfy

(f, g) ∼l (f ′, g′) ⇐⇒ Φa,b(f, g) ∼l′ Φa,b(f
′, g′).(12.3)

It therefore induces an isomorphism from Yl into Yl′

Let ωρ be as in (6.1) and z± be its (semi) first integrals defined in section 6.
Recall that the class in D+

0 of

l(u) = z+ ◦ (z−)−1(u) = z+(u), u ∈ R,(12.4)

is a representative of ωρ. Now we can state

Theorem 12.1. For ωρ and l as above, we have

H1
ωρ(E

2) ∼= Yl.(12.5)

The remainder of this section is devoted to the construction of the isomorphism
(12.5). Let

η = a(x, t)dx + b(x, t)dt ∈ Ω1(E2).(12.6)

Without loss of generality (Proposition 8.1), we can assume that a, b ∈ F0({t = 0}).
The equation

du ∧ ωρ = η ∧ ωρ(12.7)

is equivalent to

Lρu = f,(12.8)

where

Lρ =
∂

∂t
− 2it(1 + ρ)

∂

∂x
and f = 2it(1 + ρ)a− b.
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The pushforwards via z± of (12.8) in rectangles R±(ε, δ) (see section 6) are the
equations

∂ũ±

∂ζ
(ζ) =

f̃±

L̃ρz
±

(ζ) = φ±(ζ) in z±(R±(ε, δ)) ⊂ C,(12.9)

where for a function A(x, t) defined in the (x, t)-plane Ã± means

Ã±(ζ) = A ◦ (z±)−1(ζ) in z±(R±(ε, δ)).

Since our problem is local and f is flat along t = 0, then we can assume that f̃± is
defined in C and compactly supported in z±(R±(ε, δ)). The C∞ functions

φ̃±0 (ζ) =
1

2πi

∫
C

φ±(µ)

ζ − µ dµ ∧ dµ(12.10)

satisfy then

∂ũ±0
∂ζ

= φ±.(12.11)

In particular ũ±0 are holomorphic in the lower half plane =ζ < 0. Denote by v± the
restriction of ũ±0 to =ζ = 0. We have then (in terms of germs) v± ∈ A−. Set

Il : Ω1(F0({t = 0})) −→ Yl; Il(η) = [v+, v−]l.(12.12)

Lemma 12.2. If η is ωρ-exact, then Il(η) = 0.

Proof. Let ψ be a C∞ solution of (12.7) and let ψ± be the restriction of ψ to
R±(ε, δ). We have then

d(ψ± − ũ±0 ◦ z±) ∧ dz± = 0 in R±(ε, δ).(12.13±)

Therefore,

ψ± − ũ±0 ◦ z± = h± ◦ z± in R±(ε, δ),(12.14)

where h± is holomorphic in the interior of z±(R±(ε, δ)) and is C∞ up to the bound-
ary. Since

ψ+(x, 0) = ψ−(x, 0),

then

ũ+
0 ◦ z+(x, 0) + h+ ◦ z+(x, 0) = ũ−0 ◦ z−(x, 0) + h− ◦ z−(x, 0),(12.15)

or equivalently

v+ ◦ l + h+ ◦ l = v− + h−(12.16)

which means [v+, v−]l = 0.

This lemma shows that Il induces a homomorphism (that we will call again Il)

Il : H1
ωρ(E2) −→ Yl; Il[η] = Il(η).

Now we prove that Il is the sought isomorphism of Theorem 12.1.
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Surjectivity of Il. Let [f, g]l ∈ Yl with f, g ∈ A−. Let F,G be extensions of f, g
to a neighborhood of 0 ∈ C which are holomorphic in =ζ < 0. Define a function
m(x, t) in a neighborhood of 0 ∈ R2 by

m(x, t) =


∂F

∂ζ
(z+(x, t)), in R+(ε, δ),

∂G

∂ζ
(z−(x, t)), in R−(ε, δ).

(12.17)

Clearly m is flat along t = 0. Define a 1-form η by

η = − m(x, t)

z±x (x, t)
Lρz±(x, t)dt, in R±(ε, δ).(12.18)

It is easily verified that the equation (η − du) ∧ ωρ = 0 gives rise to

∂ũ+

∂ζ
=
∂F

∂ζ
and

∂ũ−

∂ζ
=
∂G

∂ζ
.(12.19)

Therefore, Il(η) = [f, g]l.

Injectivity of Il. Suppose that Il(η) = [v+, v−]l = 0. Then there exist h± ∈ A+

such that

v+ ◦ l + h+ ◦ l = v− + h−.(12.20)

Define a function u(x, t) by

u(x, t) = ũ±0 (z±(x, t)) + h±(z±(x, t)) in R±(ε, δ).(12.21)

It follows from (12.20) and from z±t (x, 0) = 0 that u is a C1 function. Easily,

η ∧ ωρ = du ∧ ωρ.(12.22)

To finish the proof, we need only to show that u ∈ C∞. We rewrite (12.22) as

ut = 2it(1 + ρ)ux + f.(12.23)

Since the restriction u+ (resp. u−) of u to t > 0 (resp. t < 0) are C∞ and since all
its partial derivatives extend as continuous functions to t ≤ 0 (resp. t ≥ 0), then
we need only to show that the partial derivatives of u+ agree with those of u− on
t = 0. For this, we can use an argument similar to that used by Treves to prove
Lemma VII 3.1 in [Tr4]. More precisely, since ρ and f are flat along t = 0, then
we can prove (by induction) that the partial derivatives of u± on t = 0 are fully
determined by the derivatives of its trace u(x, 0). This proves the injectivity of Il
and also the theorem.

13. The first cohomology group when ν = n− 2 and n > 2

In this section we will prove that the the first cohomology group relative to
a Mizohata structure with signature n − 2, n > 2, and with representative [l] is
isomorphic to the space Zl constructed below.

For l ∈ C∞Diff+
0 , consider the equivalence relation ∼l in A− ×A− ×A+ by

(α, β, γ) ∼l (α′, β′, γ′)⇐⇒


∃(h, k,m) ∈ A+ ×A+ ×A−;

(α− α′) ◦ l+ h ◦ l = (β − β′) + k

= (γ − γ′) +m.

(13.1)

Denote by Zl the quotient space and by [α, β, γ]l the class of (α, β, γ).
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As in Lemma 12.1, we can easily prove

Lemma 13.1. If l′ ∈ C∞Diff+
0 satisfies [l′] = [l] ∈ D+

0 , then

Zl′ ∼= Zl.(13.3)

Let ωρ be the germ at 0 ∈ Rn+1 (n > 2) of a Mizohata structure with signature
n − 2 described in (7.11). Let ω0

ρ be as in (7.12), let z±(x, s) be the (semi) first

integrals of ω0
ρ as defined in section 6, and let

l(u) = z+ ◦ (z−)−1(u) = z+(u), u ∈ R.(13.4)

Thus [l] ∈ D+
0 is a representative of ω0

ρ and also that of ωρ. The remaining of this

section is devoted to the construction of an isomorphism between H1
ωρ(En+1) and

Zl.
Let η ∈ Z1

ωρ(En+1). We can assume (thanks to Proposition 9.1) that η ∈
Z1
ωρ(F0({q(t) = 0})). It then follows from remark 10.1 that there exist f+,+,

f+,−, and f− defined in the (x, s)-plane such that

suppf+,± ⊂ {s ≥ 0}, suppf− ⊂ {s ≤ 0},(13.5)

and such that η is ωρ-cohomologous to the form η0 defined by

η0 =


f+,+(x,

√
q(t))dz+(x, q(t)), in Rn+1

+,+,

f+,−(x,
√
q(t))d(x− iq(t)), in Rn+1

+,−,

f−(x,−
√
−q(t))d(x− iq(t)), in Rn+1

− .

(13.6)

Making use of (13.6), we solve equation (η0− du)∧ωρ = 0 in Rn+1
+,± and Rn+1

− . The
traces along the x-axis of these solutions generate an element in Zl.

In the (x, s)-plane consider the following equations:

du+,+ ∧ dz+ = f+,+(x, s)dz+ ∧ dz+;

du+,− ∧ d(x+ is2) = f+,−(x, s)d(x− is2) ∧ d(x+ is2);

du− ∧ d(x− is2) = f−(x, s)d(x + is2) ∧ d(x− is2).

(13.7)

We denote by f̃+,+, f̃+,−, and f̃− the pushforwards via z+, z− = x + is2, and
z− = x− is2 of f+,+, f+,−, and f−, respectively. Let

ũ+,±
0 (ζ) =

1

2πi

∫
C

f̃+,±(µ)

ζ − µ dµ ∧ dµ and ũ−0 (ζ) =
1

2πi

∫
C

f̃−(µ)

ζ − µ dµ ∧ dµ.(13.8)

Notice that the functions

u+,±(x, t) = ũ+,±
0 (z±(x, q(t))) and u−(x, t) = ũ−0 (x+ iq(t))(13.9)

satisfy

du+,± ∧ ωρ = η0 ∧ ωρ, in Rn+1
+,±,(13.10)

du− ∧ ωρ = η0 ∧ ωρ, in Rn+1
− .

It follows from (13.5) that ũ+,±
0 are holomorphic in =ζ < 0 and ũ−0 is holomorphic

in =ζ > 0. Hence, if

v+,± = ũ+,±
0 |=ζ=0 and v− = ũ−0 |=ζ=0,(13.11)
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then (v+,+, v+,−, v−) ∈ A− × A− × A+. In this way we can associate with the
ωρ-closed 1-form η an element of Zl, namely

Il(η) = [v+,+, v+,−, v−]l.

The following lemma says that Il(η) depends only on the cohomology class of η.

Lemma 13.2. If η ∈ B1
ωρ(En+1), then Il(η) = 0.

Proof. Let φ ∈ En+1 be such that

dφ ∧ ωρ = η0 ∧ ωρ,(13.12)

where η0 is defined in (13.6). This together with (13.11) gives

d(φ− u+,±) ∧ ωρ = 0, in Rn+1
+,±,(13.13)

d(φ− u−) ∧ ωρ = 0, in Rn+1
− .

Thus,

φ− ũ+,±
0 ◦ z± = h+,± ◦ z± and φ− ũ−0 ◦ z− = h− ◦ z−,(13.14)

where the smooth functions h+,± and h−, defined near 0 ∈ C, are holomorphic in
=ζ > 0 and =ζ < 0, respectively, from which it follows that

v+,+ ◦ l + h+,+ ◦ l = v+,− + h+,− = v− + h−.

This means [v+,+, v+,−, v−]l = 0.

Hence Il induces a homomorphism (that we label again Il) from H1
ωρ(En+1) into

Zl. Now we prove the bijectivity of this induced homomorphism.

Surjectivity of Il. For f, g ∈ A−, m ∈ A+, let F,G and M be smooth extensions
of f, g and m, respectively, to a full neighborhood of 0 ∈ C with F,G holomorphic
in the lower and M in the upper half planes. It is verified at once that the form
η ∈ Z1

ωρ(F0({q(t) = 0})) defined by

η(x, t) =
∂F

∂ζ
(z+(x, q(t)))dz+(x, q(t)), in Rn+1

+,+ ,(13.15)

η(x, t) =
∂G

∂ζ
(x+ iq(t))d(x− iq(t)), in Rn+1

+,− ,

η(x, t) =
∂M

∂ζ
(x+ iq(t))d(x− iq(t)), in Rn+1

−

satisfies Il[η] = [f, g,m]l.

Injectivity of Il. Suppose that Il[η] = 0. Then there exist h+,± ∈ A+ and h− ∈ A−
such that

v+,+ ◦ l + h+,+ ◦ l = v+,− + h+,− = v− + h−.(13.16)

As in the proof of the injectivity of Il when n = 1 (section 12), it can be shown
that the function u(x, t) defined near 0 ∈ Rn+1 by

u(x, t) = ũ+,±
0 (z±(x, t)) + h+,±(z±(x, t)), in Rn+1

+,±,(13.17)

u(x, t) = ũ−0 (z−(x, t)) + h−(z−(x, t)), in Rn+1
−

is a C∞ solution of (du− η) ∧ ωρ = 0.
We have then proved the following theorem.
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Theorem 13.1. Let ω be the germ at 0 ∈ Rn+1 of a Mizohata structure with
signature n− 2. If n > 2 and [l] ∈ D+

0 is a representative of ω, then

H1
ω(En+1) ∼= Zl.

14. The first cohomology group when ν = 0 and n = 2

As in the last two sections, we construct a space Wl1,l2 from A± and then show
that this new space is isomorphic to H1

ωρ1,ρ2
(E3), where ωρ1,ρ2 is the germ of a

Mizohata structure at 0 ∈ R3 with signature 0 and with representative [l1, l2] in
E+

0 .
For l1, l2 ∈ C∞Diff+

0 , we define an equivalence relation in A−×A−×A+×A+

by

(α, β, γ, δ) ∼l1,l2 (α′, β′, γ′, δ′)⇐⇒


∃(h, k,m, n) ∈ A+ ×A+ ×A− ×A−;

(α− α′) ◦ l1 + h ◦ l1 = (β − β′) + k

= (γ − γ′) ◦ l2 +m ◦ l2
= (δ − δ′) + n.

(14.1)

Denote by Wl1,l2 the quotient space and by [α, β, γ, δ]l1,l2 the class of (α, β, γ, δ).
The following lemma says that Wl1,l2 depends only on the class of (l1, l2) in E+

0 .

Lemma 14.1. Let l′1, l
′
2 ∈ C∞Diff+

0 be such that [l′1, l
′
2] = [l1, l2] ∈ E+

0 . Then

Wl′1,l
′
2

∼= Wl1,l2 .(14.2)

Proof. It follows from the definition of E+
0 that there exist a, b, c ∈ C$Diff+

0 such
that

l′1 = a ◦ l1 ◦ c and l′2 = b ◦ l2 ◦ c.
It is now easy to see that the automorphism Φa,b,c of A−×A−×A+×A+ defined
by

Φa,b,c(α, β, γ, δ) = (α ◦ a−1, β ◦ c, γ ◦ b−1, δ ◦ c)
induces the isomorphism (14.2).

Let ω = ωρ1,ρ2 be as in (7.13) and ω0
ρ1

, ω0
ρ2

be as in (7.14). For j = 1, 2, let

z±j (x, s) be the (semi) first integrals of ω0
ρj , as defined in section 6, and let

lj(u) = z+
j ◦ (z−j )−1(u) = z+

j (u), u ∈ R.(14.3)

Thus, [l1, l2] ∈ E+
0 is the representative of the Mizohata structure defined by ωρ1,ρ2 .

We are now going to construct an isomorphism between H1
ωρ1,ρ2

(E3) and Wl1,l2 .

Let η ∈ Z1
ωρ1,ρ2

(E3). From Remark 10.1, η is ωρ1,ρ2 -cohomologous to a form

η0 ∈ Z1
ωρ1,ρ2

(F0({q(t) = 0})) given by

η0(x, t1, t2) = f±1 (x, q(t))dz±1 (x, q(t)), in R3
+,±,(14.4)

η0(x, t1, t2) = f±2 (x, q(t))dz±2 (x, q(t)), in R3
−,±,

where f±1 and f±2 are C∞ functions defined near 0 in the (x, s)-plane and satisfying

suppf±1 ⊂ {s ≥ 0} and suppf±2 ⊂ {s ≤ 0}.(14.5)
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Define the smooth functions ũ±j in C by

ũ±j (ζ) =
1

2πi

∫
C

f̃±j (µ)

ζ − µ dµ ∧ dµ, j = 1, 2,(14.6)

where f̃±j is the pushforward via z±j of f±j . Since ũ±1 is holomorphic in =ζ < 0 and

ũ±2 is holomorphic in =ζ > 0, then the restrictions v±j of ũ±j to the real axis =ζ = 0
satisfy

(v+
1 , v

−
1 , v

+
2 , v

−
2 ) ∈ A− ×A− ×A+ ×A+.

To the 1-form η we can then associate

Il1,l2(η) = [v+
1 , v

−
1 , v

+
2 , v

−
2 ]l1,l2 ∈ Wl1,l2 .

Lemma 14.2. If η ∈ B1
ωρ1,ρ2

(E3), then Il1,l2(η) = 0.

The proof is analogous to that of lemma 13.2 and is left to the reader. Thus,
Il1,l2 induces a homomorphism from H1

ωρ1,ρ2
(E3) intoWl1,l2 . The verification of the

bijectivity of this homomorphism can be handled in a similar fashion as that of Il
in section 13. We summarize this in the following theorem.

Theorem 14.1. Let ω be the germ at 0 ∈ R3 of a Mizohata structure with signature
0, and let [l1, l2] be a representative of ω in E+

0 . Then,

H1
ω(E3) ∼= Wl1,l2 .

15. A remark on Treves’ conjecture

Let

z(x, t) = x+ iφ(x, t), φ(0) = 0,

be a C∞ function defined near 0 ∈ Rn+1. Denote by Lp the fiber through the point
p of the structure defined by dz, i.e.

Lp = {(x, t); z(x, t) = z(p)}.

Treves [Tr1] has proved that when φ is independent on x, the triviality of Hq
dz(En+1)

is equivalent to the triviality of the cohomology groups Hq−1(Lp). When φ depends
on x, Cordaro and Treves have proved [CT] the necessity part of this condition.
The sufficiency part has been conjectured. Guided by the techniques we have used
to treat the Mizohata complex, we will attempt here to justify this conjecture, at
least when the separatrix of the foliation defined by dz is an analytic variety.

Let Σ be the characteristic set of dz in a small neighborhood U of 0, i.e.

Σ = {(x, t) ∈ U ; dz ∧ dz = 0},

and let V = z−1(z(Σ)). Suppose that V is the germ of a real analytic variety.
Denote by W1, · · · ,Wk the components of U\V . By shrinking U if necessary, the
function z can be thought of as a fibration in each Wi. Let Li be the generic fiber
of dz in Wi and let C0(Wi) be the space of germs at 0 of C∞ functions with support
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in W i and flat along V . By using the desingularization of V and Borel’s extension
theorem, then for q > 1 we can expect the following:

Hq
dz(En+1) ∼= Hq

dz(F0(V ));

Hq
dz(F0(V )) ∼=

⊕
i

Hq
dz(C0(Wi));

Hq
dz(C0(Wi)) ∼= Hq−1(Li)⊗ Si,

where Si denotes a space of germs of functions equivalent to the space S of Lemma
1.1. This would then mean that Hq

dz = 0 when Hq−1(Li) = 0 for i = 1, · · · , k.
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